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0 =�
� R ��	�� 1 
��
. �
 R �����, �� aR + bR = R =⇒ ∃n ∈ N, Q ∈

Mn(R), �� aIn + bQ ∈ GLn(R) (� [1]). !�"�, ��
 R �����, �� R ���#
�, i.e., R ⊕ B ∼= R ⊕ C =⇒ ∃n ∈ N, �� Bn ∼= Cn. $�%&'�����, � [2–5].


 R �()�
, ��� *!+ R- " A #�$,
%!-#&' A = M ′ ⊕ N =⊕
i∈I Ai, ()./" A′

i ⊆ Ai, �� A = M ′ ⊕ (
⊕

i∈I A′
i), *0 M ′

R
∼= RR, 1+ I �23
.

45
,-6.
,-45
,π- 45
,/ π- 45
#0217( 1 
 C∗- 28(�)�

(� [6–8]).

(�3���945"67, %&:8� cu- 
 [9].  [10] 0, Li et al. 94� cu- 
, :8
�4; cu-
. 
 R�(4; cu-
,�� aR+bR = R =⇒ ∃n ∈ N, Q ∈ Mn(R),�� aIn +bQ

�<9:;
. =�><�)�
 R � cu- 
=>?= R ⊕ B ∼= R ⊕ C =⇒ ∃n ∈ N, e ∈ B(R),
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�� Bne ≤⊕ Cne # Bn(1 − e) ≤⊕ Cn(1 − e) (� [10, DE 7]). FG [11, 12], 
 R 
EC
I �()�EC���$H x ∈ I, 2�I� e ∈ R, �� e ∈ Rx # 1 − e ∈ R(1 − x). DJ, /
π- 45EC()�EC, K2)�

EC()�EC.

.)�ECL, :8�*M4;�67, �5�)�EC(4; cu- EC
INOP, Q9
4�)�4; cu- 

<9��.  [10, DE 9] 0><�<9	� π- 45
45
(4; cu-

. !�><�<9	� π- 45
(4; cu- 
. R.45ÆSE, T�UV:F��GOP.

.W 0, 
��	�� 1 
��
, "(+H". Mn(R) XY R L	�( In 
 n × n Z

I
, GLn(R) XY R L
 n J*[KL\, U(R) ( R 0:;�+�, B(R) XY R 
0M�
I�+�, N XYNJ8+�. � x ∈ R (45, ��2 y ∈ R, �� x = xyx. 
 R (45, �
� R 0�G(45
.

1 OPQRS
F [13], � u ∈ R (<9:;
, ��2 e ∈ B(R), �� eu ∈ eR T:;, R (1 − e)u ∈

(1 − e)R +:;. W]'�)�ECL4;�67.
UV 1.1 � I (
 R 
)�EC, � I (4; cu- EC, ���$H45 x ∈ 1 + I, 2

n ∈ N #<9:; U ∈ Mn(R), �� xU (�I
.
:W><4; cu- 

EC(4; cu- EC. ^1L, 4; cu- EC�4; cu- 

_`a

94.
UX 1.2 � I (
 R 
)�EC, 5EYIN:
(1) I (4; cu- EC.
(2) aR + bR = R, a ∈ 1 + I, b ∈ I =⇒ ∃n ∈ N, Q ∈ Mn(R), �� aIn + bQ ∈ Mn(R) (<

9:;.
@Z (1) ⇒ (2) bD aR + bR = R, a ∈ 1 + I, b ∈ I, 2 x, y ∈ R, �� ax + by = 1. [( I

(
 R 
)�EC, FG [11, :E 1.1], 2 s, t ∈ R, �� e = bys # 1 − e = (1 − by)t = axt,
cR (1 − e)axt(1 − e) + e = 1. DJ, e ∈ I R> (1 − e)a ∈ 1 + I 45. 8R2 n ∈ N

#<9:; U ∈ Mn(R), �� E := (1 − e)aU (�I
. F\ U ∈ Mn(R) <9:;, 2
F ∈ B

(
Mn(R)

)
,�� FU +:;# (In−F )U T:;. bD FUV = F ,2 EV xt(1−e)F +eF =

(1 − e)aFUV xt(1 − e) + eF = F , cR EV xt(1 − e)(In − E)F + e(In − E)F = (In − E)F , d

(1 − e)aUF + e(In − E)F = EF + e(In − E)F = F − EV xt(1 − e)(In − E)F.

Fe:�
(
aIn + bys(aIn + (In − E)V )

)
F =

(
(1 − e)aIn + e(In − E)V

)
F

=
(
In − EV xt(1 − e)(In − E)

)
V F.

bD (In −F )V U = In − F . M]f, 2 Z ∈ Mn(R), �� (aIn + bZ)(In −F ) ∈ (In −F )Mn(R)
+:;, cR2 Q ∈ Mn(R), �� aIn + bQ ∈ Mn(R) (<9:;, d�.

(2) ⇒ (1) bD x ∈ 1 + I 45, 52 y ∈ R, �� x = xyx. DJ, y ∈ 1 + I. F
yx + (1 − yx) = 1, � n ∈ N, Q ∈ Mn(R), �� U := yIn + (1 − yx)Q ∈ Mn(R) (<9:;, ^
W xU = x

(
yIn + (1 − yx)Q

)
= xyIn (�I
, cR I (4; cu- EC.
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� I (
 R 
)�EC, FGDE 1.2, �45 x ∈ I, 2 n ∈ N, �� xIn ��IZI#<
9:;I
o. Ep3 [10, qc 6] 9454; cu- EC.

de 1.3 � I (
 R 
)�4; cu- EC, 5�$H�I� e∈I, eRe �)�4; cu- 
.
@Z � e ∈ I (�I�. DJ eRe ()�
. bD ax + b = e, a, x, b ∈ eRe, 5 (a + 1 −

e)(x + 1 − e) + b = 1, a + 1 − e ∈ 1 + I R> b ∈ I. FDE 1.2, 2 n ∈ N, Q ∈ Mn(R), �
� (a + 1 − e)In + bQ = U ∈ Mn(R) (<9:;, cR2 E ∈ B

(
Mn(R)

)
, �� EUV = E >

(In − E)WU = In − E. DJ (1 − e)In = (1 − e)U , cR Ue = eUe, [e
(eWe)

(
aIn + b(eQe)

)
(eIne − eEe) = eIne − eEe.

rf,
(
(a + 1 − e)In + bQ

)
V E = E, s2 (1 − e)V E = (1 − e)E, 8R V eE = eV eE, ^W(

aIn + b(eQe)
)
(eV e)(eEe) = eEe. [( eEe ∈ B

(
Mn(eRe)

)
, �5 aIn + b(eQe) ∈ Mn(eRe) <

9:;, ^W eRe �)�4; cu- 
.
AX 1.4 � I (
 R 
)�EC, 5EYIN:
(1) I (4; cu- EC.
(2) �$H45 a ∈ 1 + I, 2<9:; U ∈ Mn(R), �� aIn = aUa.
@Z (2) ⇒ (1) �$H45 a ∈ 1 + I, 2<9:; U ∈ Mn(R), �� aIn = aUa. t

E = aU , 5 E ∈ Mn(R) ��I
, cR I (4; cu- EC.
(1) ⇒ (2)t a ∈ 1+I 45,52 x ∈ R,�� a = axa. DJ, x ∈ 1+I. F\ yx+(1−yx) = 1,

2 Q ∈ Mn(R), �� U := yIn + (1 − yx)Q ∈ Mn(R) <9:;.
� I (
 R 
)�4; cu- EC, M]:>: �$H45 a ∈ I, 2<9:; U ∈ Mn(R),

�� aIn = aUa. � a∼b via 1+ I, ��2 x, y, z ∈ 1+ I, �� a = zbx, b = xay, x = xyx = xzx.
M]\ [14, :E 6], a∼b via 1 + I IN\2 x, y ∈ 1 + I, �� a = xby, b = yax, x = xyx #

y = yxy.
UX 1.5 � I (
 R 
)�EC, 5EYIN:
(1) I (4; cu- EC.
(2) a∼b via 1 + I =⇒ ∃n ∈ N, <9:; U ∈ Mn(R), �� aU = Ub.
@Z (1) ⇒ (2) bD a∼b via 1 + I, 52 x, y ∈ 1 + I, �� a = xby, b = yax, x = xyx

and y = yxy. FG:E 1.4, 2 n ∈ N #<9:; V ∈ Mn(R), �� yIn = yV y. t U =
(In − xyIn − V y)V (In − yxIn − yV ), g"

(In − xyIn − V y)2 = In = (In − yxIn − yV )2,

cR U ∈ Mn(R) <9:;. 8*uf, 2
aU = a(In − xyIn − V y)V (In − yxIn − yV ) = −aV yV (In − yxIn − yV )

= −aV (In − yxIn − yV ) = axIn.

rf, Ub = (In − xyIn − V y)V (In − yxIn − yV )b = −(In − xyIn − V y)V b = xyV b = xbIn. D
J ax = xbyx = xb, ^W aU = Ub.

(2)⇒(1) � x ∈ 1 + I 45, 2 y ∈ R, �� x = xyx # y = yxy. t e = yx # f = xy, 5
e = yfx, f = xey, x = xyx # y = yxy.



114 A B B C > Æ ? 49�

DJ, y ∈ 1+ I. cR e∼f via 1+ I. FbD2 n ∈ N #<9:; U ∈ Mn(R), �� eU = Uf , K
2 (1− e)U = U(1− f). DJ η : (eR)n = (xR)n ∼= (fR)n. D; α :

(
(1− e)R

)n → (
(1− f)R

)n,
*0 ((1 − e)r1, . . . , (1 − e)rn)T → (1 − f)U(r1, . . . , rn)T , �$H (r1, . . . , rn)T ∈ Rn; D;
φ : Rn = (xR)n ⊕ (

(1− xy)R
)n → (yxR)n ⊕ (

(1− yx)R
)n, *0 φ(x1 + x2) = η(x1) + α(x2), �

$H x1 ∈ (xR)n, x2 ∈ (
(1 − xy)R

)n. :� xIn = xV x, *0 V � φ 
�hZI. FG:E 1.4,
I (4; cu- EC.

de 1.6 � R ()�
, 5EYIN:

(1) R (4; cu-
. (2)��I� e, f ∈ R, eR ∼= fR =⇒ ∃n ∈ N#<9:; U ∈ Mn(R),
�� eU = Uf .

@Z (1) ⇒ (2) ��I� e, f ∈ R, �� eR ∼= fR, 2 a ∈ eRf # b ∈ fRe, �� e = ab #

f = ba, cR e∼f via 1 + R. FGDE 1.5, 2 n ∈ N #<9:; U ∈ Mn(R), �� eU = Uf .

(2)⇒(1) $v45 x ∈ 1 + I, 2 y ∈ 1 + I, �� x = xyx # y = yxy. t e = yx #

f = xy, 2 eR ∼= fR. cR2 n ∈ N #<9:; U ∈ Mn(R), �� eU = Uf . M]\DE 1.5, 2
xIn = xV x, *0 V ∈ Mn(R) <9:;d�.

2 ijklBCm
� x ∈ R (<9	�45, ��2<9:; u ∈ R, �� x = xux. W]3 [10, DE 9] 9

45)�4; cu- EC, !�w5 [10, DE 9] 045LbD:Wxy.

AX 2.1 � a ∈ R (<9	�45, 52�I� e ∈ R #<9:; u ∈ R, �� a = eu.

@Z [( a ∈ R (<9	�45, 2<9:; v ∈ R, �� a = ava. F av + (1 − av) = 1
# v ∈ R <9:;, FG [15, :E 1], :n5 y ∈ R, �� a + (1− av)y = u ∈ R <9:;, c
R a = ava = (av)u. DJ, av = (av)2, cRd�.

AX 2.2 � I (
 R 
)�EC, bD�$H45 x, y ∈ 1 + I, 2 n ∈ N # A ∈ Mn(R),
�� xIn − A ��I�#<9:;�
o, In − yA ∈ GLn(R), �� I (4; cu- EC.

@Z bD ax+b = 1, a ∈ 1+I, b ∈ I. [ I (
 R
)�EC,2�I� e ∈ R,�� e = bs

# 1− e = (1− b)t, *0 s, t ∈ R, [e axt + e = (1− b)t + e = 1, K2 (1− e)axt(1− e) + e = 1.
F a ∈ 1 + I # b ∈ I, � (1− e)a ∈ 1 + I # xt(1− e) ∈ 1 + I. g"o��45
, cR2 n ∈ N

# A ∈ Mn(R), �� (1 − e)aIn − A = EU # In − xt(1 − e)A ∈ GLn(R), pz E ∈ Mn(R) �
IR U ∈ Mn(R) <9:;. F In − xt(1 − e)A ∈ GLn(R), 2

In − Axt(1 − e) = V ∈ GLn(R),

d EUxt(1− e) + eIn = V . 8R V −1EUxt(1− e) + V −1eIn = In. DJ V −1EU ∈ Mn(R) <9
:;. FG [15, :E 1], ). Y ∈ Mn(R), �� xt(1 − e)In + ZV −1e ∈ Mn(R) (<9:;.
q{r [15, :E 1], ). Z ∈ Mn(R), �� (1 − e)aIn + eZ ∈ Mn(R) <9:;, K2

aIn + e(Z − aIn) = aIn + bs(Z − aIn) ∈ Mn(R)

<9:;. FDE 1.2, I (4; cu- EC.

AX 2.3 � u ∈ R <9:;, V ∈ GLn(R), 5 (
0 u
V ∗

) ∈ Mn+1(R) <9:;.
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@Z [( u ∈ R <9:;, ). e ∈ B(R), �� eu ∈ eR +:;, R (1 − e)u ∈ (1 − e)R
T:;. bD euv = e # (1 − e)wu = 1 − e. t E = diag (e, e, . . . , e) ∈ Mn+1(R), 5 E ∈
B

(
Mn+1(R)

)
. 8*uf

E

(
0 u
V ∗

)
∈ EMn+1(R)

+:;, R

(In+1 − E)
(

0 u
V ∗

)
∈ (In+1 − E)Mn+1(R)

T:;, d�.
g", E ∈ B

(
Mn(R)

)
=>?= E = diag (e, e, . . . , e), *0 e ∈ B(R).

M]\ [8, DE 3.2], !�s2:
UX 2.4 � I (
 R 
)�EC, 5EYIN:
(1) I (4; cu- EC.
(2) �$H45 x ∈ 1 + I, 2 m,n ∈ N, �� xmIn (<9	�45.
@Z (1) ⇒ (2) F:E 1.4 d�.
(2)⇒(1) � x, y ∈ 1 + I 45, t

A =

⎛
⎜⎜⎜⎝

0n · · · 0n 0n

In · · · 0n 0n

...
. . .

...
...

0n · · · In 0n

⎞
⎟⎟⎟⎠ , B =

⎛
⎜⎜⎜⎝

In xIn · · · xm−1In

0n In · · · 0n

...
...

. . .
...

0n 0n · · · In

⎞
⎟⎟⎟⎠ ,

C =

⎛
⎜⎜⎜⎝

ym−1In · · · yIn In

In · · · 0n 0n

...
. . .

...
...

0n · · · In 0n

⎞
⎟⎟⎟⎠ ∈ Mmn(R).

g"

B(xImn − A) =

⎛
⎜⎜⎜⎜⎜⎝

0n · · · 0n xmIn

−In · · · 0n ∗
...

. . .
...

...
0n · · · xIn ∗
0n · · · −In ∗

⎞
⎟⎟⎟⎟⎟⎠

,

C(Imn − yA) =

⎛
⎜⎜⎜⎜⎜⎝

0n · · · 0n In

In · · · 0n ∗
−yIn · · · 0n ∗

...
. . .

...
...

0n · · · In ∗

⎞
⎟⎟⎟⎟⎟⎠

.

DJ B,C ∈ GLmn(R), cR Imn − yA ∈ GLmn(R). 8*uf

xImn − A = B−1

⎛
⎜⎜⎜⎜⎜⎝

0n · · · 0n xmIn

−In · · · 0n ∗
...

. . .
...

...
0n · · · xIn ∗
0n · · · −In ∗

⎞
⎟⎟⎟⎟⎟⎠



116 A B B C > Æ ? 49�

F\ xmIn ∈ Mm(R) (<9	�45, F:E 2.1, 2�I� e ∈ Mm(R) #<9:; u ∈
Mm(R), �� xmIn = eu, [eM]\ [8, DE 3.2], :�

xImn − A = B−1

⎛
⎜⎜⎜⎜⎜⎝

e 0n · · · 0n

0n In · · · 0n

...
...

. . .
...

0n 0n · · · 0n

0n 0n · · · In

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

0n · · · 0n u
−In · · · 0n ∗

...
. . .

...
...

0n · · · xIn ∗
0n · · · −In ∗

⎞
⎟⎟⎟⎟⎟⎠

.

t E = B−1diag (e, 1, . . . , 1)B, 5 B−1diag (e, 1, . . . , 1) = EB−1 R> E = E2. [( u ∈ Mn(R)
<9:;, F:E 2.3, ⎛

⎜⎜⎜⎜⎜⎝

0n · · · 0n u
−In · · · 0n ∗

...
. . .

...
...

0n · · · xIn ∗
0n · · · −In ∗

⎞
⎟⎟⎟⎟⎟⎠

<9:;, cRK2

B−1

⎛
⎜⎜⎜⎜⎜⎝

0n · · · 0n u
−In · · · 0n ∗

...
. . .

...
...

0n · · · xIn ∗
0n · · · −In ∗

⎞
⎟⎟⎟⎟⎟⎠

∈ Mmn(R)

<9:;, td xImn − A ��IZI#<9:;I
o, qF:E 2.2 d�.

 R 
EC I �(<9	� π- 45, ���$H x ∈ 1 + I 2 n ∈ N #<9:; u ∈ R, �

� xn = xnuxn. Ep3 [10, DE 9] 94(EY�U.
de 2.5 <9	� π- 45EC�4; cu- EC.
@Z � I ( R 
<9	� π- 45EC, x ∈ 1 + I, 2 m ∈ N #<9:; u ∈ R, ��

xm = xmuxm, [e xmu ∈ R ��I
. t f = uxm # e = f + (1 − f)xmf , 2 e ∈ 1 + I ��
I
. R>

e ∈ Rx # 1 − e = (1 − f)(1 − xmf) ∈ R(1 − x),

s I � R 
)�EC, cRFGDE 2.4, I �4; cu- EC.
 [10,DE 9]><�<9	� π-45
45
�4; cu-
. � k �= 0(u, R =

(
k k
0 k

)
,

g" R (2|
/ π- 45
, cRo(<9	� π- 45
, }DJoÆ�45
. F9U 2.5,
!�2<9	� π- 45
�4; cu- 
, cR R s�4; cu- 
.

3 BCvwxDy
� a ∈ R ��
, �� RaR = R. g" a ∈ R ��
=>?= a Æ. R 
$HzEC0.

. [16] 0, Ara # Goodearl '��� corners 
{D7. W]!�r45

��GOP4;
cu- EC (� [17]).

AX 3.1 � I (45
 R 
EC, 5EYIN:
(1) I (4; cu- EC.
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(2) aR + bR = R, a ∈ 1 + I �, b ∈ I =⇒ ∃n ∈ N, Q ∈ Mn(R), �� aIn + bQ ∈ Mn(R) <
9:;.

@Z (1) ⇒ (2) FDE 1.1 d�.
(2) ⇒ (1) � ax + b = 1, a ∈ 1 + I, b ∈ R. [( R �45
, o�)�
�cRF [18, D

E 2], 2 y ∈ R,�� a+by ∈ R(�
.D� a+by ∈ 1+I. cRF (a+by)x+b(1−yx) = 1, 2
n ∈ N, Q ∈ Mn(R),�� (a+by)In+b(1−yx)Q ∈ Mn(R)<9:;,^W aIn+b

(
yIn+b(1−yx)Q

)
<9:;, qFGDE 1.2, I (4; cu- EC.

AX 3.2 � I (45
 R 
EC, bD�$H� x ∈ 1 + I # y ∈ 1 + I, 2
n ∈ N # A ∈ Mn(R),

�� xIn − A ��I�#<9:;�
o, In − yA ∈ GLn(R), �� I (4; cu- EC.
@Z bD ax + b = 1, *0 a ∈ 1 + I �
, b ∈ I. DJ x ∈ 1 + I, FbD", 2

n ∈ N, A ∈ Mn(R),

�� aIn − A = EU # In − xA ∈ GLn(R), *0 E ∈ Mn(R) �I, U ∈ Mn(R) <9:;. [(
In−xA ∈ GLn(R), In−Ax = V ∈ GLn(R),[e EUx+bIn = V ;^W, V −1EUx+V −1bIn = In.
M]\:E 2.2, 2 Z ∈ Mn(R), �� aIn + bZ ∈ Mn(R) <9:;, qF:E 3.1 d�.

UX 3.3 � I (45
 R 
EC, 5EYIN:
(1) I (4; cu- EC.
(2) �$H� x ∈ 1 + I, 2 m,n ∈ N, �� xmIn (<9	�45.
@Z (1) ⇒ (2) FDE 2.4 d�.
(2) ⇒ (1) t x ∈ 1 + I �
, y ∈ 1 + I. t

A =

⎛
⎜⎜⎜⎝

0n · · · 0n 0n

In · · · 0n 0n

...
. . .

...
...

0n · · · In 0n

⎞
⎟⎟⎟⎠ , B =

⎛
⎜⎜⎜⎝

In xIn · · · xm−1In

0n In · · · 0n

...
...

. . .
...

0n 0n · · · In

⎞
⎟⎟⎟⎠ ,

C =

⎛
⎜⎜⎜⎝

ym−1In · · · yIn In

In · · · 0n 0n

...
. . .

...
...

0n · · · In 0n

⎞
⎟⎟⎟⎠ ∈ Mmn(R).

M]\DE 2.4, Imn − yA ∈ GLmn(R) R> xImn − A ��I�#<9:;�
o, FG:E
3.2 � I (4; cu- EC.

de 3.4 45
 R �4; cu- 
=>?=�$H� x ∈ R, 2 m,n ∈ N, �� xmIn (<
9	�45.

@Z FDE 3.3 d�.
�45
, :3 [10, DE 9] 94(~� R �45
, ��� a ∈ R �<9	� π- 45,

5 R �4; cu- 
. F:E 1.4 #DE 3.3, !�2
AX 3.5 � I (45
 R 
EC, 5EYIN:
(1) I (4; cu- EC.
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(2) �$H� a ∈ 1 + I, 2<9:; U ∈ Mn(R), �� aIn = aUa.
UX 3.6 � I (45
 R 
EC, 5EYIN:
(1) I (4; cu- EC.
(2) �$H� a, b ∈ R, a∼b via 1 + I =⇒ ∃n ∈ N, <9:; U ∈ Mn(R), �� aU = Ub.
@Z (1) ⇒ (2) (1)⇒(2) FDE 1.5 d�.
(2)⇒(1) $v�
 x ∈ 1+ I, 2 y ∈ R, �� x = xyx # y = yxy. DJ y ∈ 1+ I. t e = yx

# f = xy, 5 e = yfx, f = xey, x = xyx # y = yxy, cR e∼f via 1 + I. F RxR = R, �
ReR = RfR = R, td e, f ∈ R (�
. ^W2 n ∈ N, <9:; U ∈ Mn(R), �� eU = Uf .
M]\DE 1.5, :� xIn <9:;, ^WFG:E 3.5 � I (4; cu- EC.

Fe:�, 45
 R (4; cu- 
=>?=$H� a, b ∈ R, a∼b =⇒ ∃n ∈ N #<9:;
U ∈ Mn(R), �� aU = Ub. � a ∈ R / π- 45, ��2

n ∈ N, x ∈ R,

�� an = an+1x, ax = xa # x = xax. � x ( a 
 Drazin ;, �( ad. � I (45
 R 
E

C, M]\DE 3.6, :W>< I (4; cu- EC=>?=�$H� a, b ∈ 1 + I, ab # ba / π-
45 =⇒ ∃n ∈ N #<9:; U ∈ Mn(R), �� (ab)dU = U(ba)d.
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