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1 �� J!"#

�	
���$, 
�

� R, ��% R-����������
�����, ���

�
&� R 
%'���, ��� l.gl.dim(R). �� Auslander �� (�� [18, �� 5.51]),

l.gl.dim(R) �����

l.D(R) = sup{pdR(M) |M �����
% R-�}.
(����������
�
��, Gorenstein����� Gorenstein���������)

�* [3, 4, 8, 11, 15, 16].  �+� Gorenstein ����$
!",#��, Holm [15] �$ “�	
����$
��
 Gorenstein ����$%���%
��.” 
-!�$
.&�, Bennis,

Mahdou 
� [4, �� 1.1] � Emmanouil 
� [8, �� 4.1] $'(��
� , 


� R �,

/�����)
sup{GpdR(M) |M �% R-�} = sup{GidR(M) |M �% R-�},

�$ GpdR(M) (GidR(M)) !* M 
 Gorenstein �� (Gorenstein ��) ��. ����
&
�� R 
% Gorenstein '���, ��� l.G-gl.dim(R). 
�

 !� R, Bennis ��) [3]

"�� Gorenstein ��
 Auslander ��, "

l.G-gl.dim(R) = sup{GpdR(M) |M �����
% R-�}.
Ding ���� Ding ����+ Ding ��)
� [7, 12, 19] $&#
. ���,, -$%

# Ding �� (Ding ��) �� Gorenstein �� (Gorenstein ��) 
. $�, �%&�.�'
�/(
&'01(0. Yang ��)2)����
 Ding ����� Ding ����, ��

[23, 24, 26] �. +� [24, �� 3.12] � [23, �� 3.11] (0, ) R � Ding–Chen �* !+,�

3, *
���)
sup{DpdR(M) |M �% R-�} = sup{DidR(M) |M �% R-�}.

--, DpdR(M) (DidR(M)) !* M 
 Ding �� (Ding ��) ��.

��
+!#4(,.�


��/0�5 Ding ��
�). 1
 Gorenstein �1�
Ding �1
%&�.�'�/(
, 62/��)� R 
% Gorenstein '�����3, %#
Gorenstein �� (Gorenstein ��) % R-�� Ding �� (Ding ��) 
. (�%(, 62"��


���37
 Ding ���)� Ding ��
 Auslander ��.

23 1.1 (= �� 3.5 ��� 3.6) 8 R ��, 4
sup{DpdR(M) |M �% R-�} = sup{DidR(M) |M �% R-�}

= sup{GpdR(M) |M �����% R-�}.
2000 4, Beligiannis [2] �� R �% Gorenstein �, ������% R-�5���
��

���6����% R-�5���
����. +� [2, �� 6.9] � [8, �� 4.1] (0, %
Gorenstein �"% Gorenstein '�����
�. -7, Enochs ��) [10] 8% Gorenstein �

,99:�% Gorenstein 54�. *
��� Gorenstein ��
6:��
% Gorenstein 5
4��;$�< [2, 6, 10], ./% Gorenstein 54�(Æ�0 Noether 
 Gorenstein �.

8 R ��. 12� R-Mod � R-mod ���% R-��������% R-�3�
45, 1
2� G P � G p �+�� Gorenstein ��% R-��������
 Gorenstein ��% R-�
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3�
 R-Mod � R-mod 
945. :�;0, R-Mod � abelian 45, R-mod � abelian 45
)6B) R �% Noether �; 


� (% Noether �) R �, 945 G P (G p) << =
5
>�33�!# Frobenius 45, ���-��
;C� (����
) ��% R-�. <?, =�
45 G P (G p) �DE45 [13]. 
F@, �
� Gorenstein ��% R-�
=�45 G I �D

E45.

1987 4, Buchweitz [5] >A
?B Noether ��2)� Verdier GDE45
Dsg(R) := Db(R-mod)/Kb(R-proj),

�9:� “=�CD45”, �$ Db(R-mod) !* R-mod 
CD45, Kb(R-proj) !*���
���% R-�
���H45. @2@, ()
� [5, �� 4.1] $/��, ) R � Gorenstein

�3*
A�DE�I:

G p � Dsg(R).

���E�� Buchweitz ��, B� Dsg(R) 
 Gorenstein �����
DE45. �3, ()
JK( Dsg(R) 2)� Noether �
=���C=��,� Gorenstein ��
 Tate ���. 


�����!*�LD, -!GDE45>EDF
 Rickard 
F( [21] $, ()/���GD
E45DE�I�?����
=��45. M@, Happel [14] K( (G) NH��8-!��
�G� Gorenstein artin ��
OI. -7, Orlov [20] ,9/0��5GDE45, +�PHJ
� R 
Q"��RIC=, ()8 Dsg(R) ,99:�� R 
RI45.


� [2] $, 


� R, Beligiannis &#�2)� Verdier GDE45
Db(R-Mod)/Kb(R-Proj) � Db(R-Mod)/Kb(R-Inj),

�$ Db(R-Mod) !* R-Mod 
CD45, Kb(R-Proj) (Kb(R-Inj)) !*�� (��) % R-�

���H45. @2@, � [2, �� 6.9] $/�� R �% Gorenstein 54�)6B)*
DE
�I

G P � Db(R-Mod)/Kb(R-Proj) (* G I � Db(R-Mod)/Kb(R-Inj)).

���>A8 Buchweitz ��SA�J�45
OI, �KD�T. >U, Zhang [27] '(��

� "��, *
DE�I G P � Db(R-Mod)/Kb(R-Proj) )6B)
�


% R-� M ,

GpdR(M) <∞ (<?)6B) R �% Gorenstein 54�).

*
� DP (DI ), +�� Ding �� (Ding ��) % R-�3�
945, << =
5
>�3K3� Frobenius 45, ���-��
;C���% R-� (�&� 4.1). <?, =�45
DP (DI ) �DE45. V�A�L�, (���
+L#4(,., /0��MN:

B� 1.2 CO
��5�DE�I
DP � Db(R-Mod)/Kb(R-Proj) * DI � Db(R-Mod)/Kb(R-Inj)?

62
+L#D#��MNWX�MN 1.2. *
�62
� ���� [2, �� 6.9] �
[27, �� 8.1.2].

23 1.3 (= �� 4.20) 8 R ��, 4A�PY�I:

(1) R �% Gorenstein 54�.

(2) 
�


% R-� M , DpdR(M) <∞.



334 	 � � � Æ H I 62�

(3) 
�


% R-� M , DidR(M) <∞.

(4) sup{DpdR(M) |M �% R-�} = sup{DidR(M) |M �% R-�} <∞.

(5) *
DE�I
DP � Db(R-Mod)/Kb(R-Proj).

(6) *
DE�I
DI � Db(R-Mod)/Kb(R-Inj).

+� [1, &$, p.123] (* [27, 9N 5.4.1]) (0, !#� R �OZ
 (" l.gl.dim(R) <∞))
6B)GDE45 Db(R-Mod)/Kb(R-Proj) �[. .���(A\D, Db(R-Mod)/Kb(R-Proj)

PPQ]� R 
OZC. (��� 1.3 
!#%(, ����,9"��-!QR.

EF 1.4 (= �� 4.21) 8 R ��, 4A�PY�I:

(1) R �OZ
, " l.gl.dim(R) <∞.

(2) R �% Gorenstein 54�6 DP = P.

(3) R �% Gorenstein 54�6 DI = I .

(4) Db(R-Mod)/Kb(R-Proj) = 0.

(5) Db(R-Mod)/Kb(R-Inj) = 0.

� R� Gorenstein� [17],��*
Q#0R'� n, S" R� n-Gorenstein �, " R�?

B Noether �, �6 R 
?B?����^�S� n. �� 1.3 
_!#%(��� Gorenstein

�
!"��.

EF 1.5 (= �� 4.22) 8 R �?B Noether �, 4A�PY�I:

(1) R � Gorenstein �.

(2) *
DE�I
DP � Db(R-Mod)/Kb(R-Proj).

(3) *
DE�I
DI � Db(R-Mod)/Kb(R-Inj).

2 GHKI
TU`�, R !*5�VTU
�>�/��
%WV R-�X�W�. Y0@2X�, �

�
 (R-) �^�.% R-�. 62( R-Mod !*% R-�
45. ( Db(R-Mod) !* R-Mod


CD45. ( P, I , F � FI 12!*+����W��WaYAb FP-��
 R-�3
�
945 (TU��, 945^.
�3Z[
`c 945). ( pdR(M)(idR(M), fdR(M),

FP-idR(M)) !* R-� M 
��W��WaY� FP-����. ( Kb(R-Proj) (Kb(R-Inj)) !
*�� (��) R-�
���H45.

2.1 JK
!# R-�3�
\I

· · · → Xn−1 δn−1
X→ Xn δn

X→ Xn+1 δn+1
X→ · · ·
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d�� X. !#\I�Z f : X → Y �.!]��Z f = (fn : Xn → Y n)n∈Z, S"



n ∈ Z, X� δn

Y fn = fn−1δn
X . ��� (R-�
) \I3�
45� Ch(R). \I X 
+ n #[

��+ n #��12�,� Ker(δn
X) � Ker(δn

X)/Im(δn−1
X ), �12�Æ� Zn(X) � Hn(X)).

�!#\I X �5> (*[�) 
, ��%# Hn(X) = 0. �\I�Z f : X → Y �e�3, �

�%# Hn(f) : hn(X)→ hn(Y )��3. �\I X � DG-��
, ��%# Xn ����, �6




e�3 g : Y → Z, HomCh(R)(X, g) : HomCh(R)(X,Y ) → HomCh(R)(X,Z) � abelian

f\Ig
e�3. 
F@, (A�, DG-��\I.

� sup X = sup{l ∈ Z |Xl �= 0}, inf X = inf{l ∈ Z |Xl �= 0}. � X ���� (���, �

�) 
, �� sup X <∞ (inf X > −∞, sup X <∞ 6 inf X > −∞). � X �����
, ��
H(C) ���
. 8 M ∈ R-Mod. 62+�8 M Æ�\I · · · → 0→M → 0→ · · · , �$ M T

�+ 0 ^A, �\^A^� 0. 8 k,m �'�, 4\I X 
 k _� m _
VW%]h`12�
.A�i#\I:

X�k
: · · · → Xk−2 δk−2

X−→ Xk−1 δk−1
X−→ Xk → 0→ · · · ,

X�m : · · · → 0 −→ Xm δm
X−→ Xm−1 δm+1

X−→ Xm+2 → · · · .
( X[1] !*��\I: �+ i ^A
�� (X[1])i = Xi+1, B^_9� δi

X[1] = −δi+1
X . +

aj , X[n] = (X[n− 1])[1].

2.2 LM Ding NOPQ
� R-� M � Ding �� [7, 12] (Gorenstein �� [9]) 
, ��*
!#+�� R-�3�


Hom(−,F )-5> (Hom(−,P)-5>) 
5>\I
P = · · · → P−1 →0→ P 1 → P 2 → · · · ,

S" M ∼= Im(P 0 → P 1). ��\I P ����
 F -`[�\I (���
`[�\I). 
F
@(A�, Ding �� [9] (Gorenstein �� [12, 19]) �����
 FI -`[�\I (���
`
[�\I).

8 N ∈ R-Mod. �, N 
 Ding ����, � DpdR(N) ��:

DpdR(N) = inf{m ∈ N | *
5>\I 0→ X−m → · · · → X−1 → X0 → N → 0,

�$%# Xi ∈ DP}.
k�*
�55>\I, 4� DpdR(B) = ∞. 
F@(A�, N 
 Ding ����, DidR(N).

1`@, 62(A�, N 
 Gorenstein ���� (Gorenstein ����), GpdR(N) (GidR(N)).

2.3 JKM Ding NOPQ
20164, Wang� Liu [22]�,�2)�\I
lGorensteinaY��,*
�lGorenstein

aY�E,99:� Ding ��� [7, 12], 628\I
l Gorenstein aY��,99:�\I

 Ding ����.

2R 2.6 8 X �\I.

(1) X 
!# F -a`1W�.\I�Z
b
T

τ→ P
π→ X,
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�$ π : P → X �e�3, P � DG-��\I, T ����
 F -`[�\I, �6) i � 0 3

τ i : T i → P i ��3.

(2)k*
 X 
 F -a`1W, 4� X 5���
 Ding����,�� DpdCh(R)(X) <∞,

�$ DpdCh(R)(X) 
�,��:

DpdCh(R)(X) = inf{m ∈ Z | T τ→ P
π→ X � F -a`1W, �6





i ≤ m, τ i : T i → P i ��3}.
k�*
 X 
 F - a`1W, 4� X 5�c�
 Ding ����, �� DpdCh(R)(X) =∞.


F@, (A�,\I
 Ding ����.

����\I Ding ����
QR8
+ 4 m(�. *
��%\I
 Ding ����


F��K�<.

S3 2.7 8 X,Y � Z �\I.

(1) 
�


 k ∈ Z, � DpdCh(R)(X[k]) = DpdCh(R)(X) + k (�� [22, *� 2.13 (3)]).

(2) 8 M � R-�, 4 DpdCh(R)(M) = DpdR(M) (�� [22, �� 2.15]).

(3) 8 0 → X → Y → Z → 0 �\I
b5>dn. k DpdCh(R)(X), DpdCh(R)(Y ) �
DpdCh(R)(Z) $

i#���&, 4+D#K���& (�� [22, 9N 2.17]).

3 TUVWLMX Ding YZ (Ding [Z) \]
�)

sup{GpdR(M) |M � R-�} = sup{GidR(M) |M � R-�}

HJ��������g
Q^acC=; Auslander ��KD����������Æg
!
^o.. Bennis ��)
� [3, 4, 8] $2)� Gorenstein �1

%C=. �mL� Ding �1



%C=.

+� [4, �� 1.1] * [8, �� 4.1] (0, 

� R 
%'� Gorenstein �����%'�
Gorenstein ������, "*
�)

sup{GpdR(M) |M � R-�} = sup{GidR(M) |M � R-�}.
���
&�� R
% Gorenstein'���,�� l.G-gl.dim(R). �5�,&?� [2, �� 6.9],

[10, �, 2.1 �9N 2.2] � [8, �� 4.1], B� Gorenstein 54�e����pq
o..

2R 3.8 � R �% Gorenstein 54�, �� R r_��
�IPYÆ!:

(1) l.gl.GP.dim(R) = sup{GpdR(M) |M � R-�} <∞.

(2) l.gl.GI.dim(R) = sup{GidR(M) |M � R-�} <∞.

(3) 



 R-� M , X� GpdR(M) <∞.

(4) 



 R-� M , X� GidR(M) <∞.

(5) l.G-gl.dim(R) = l.gl.GP.dim(R) = l.gl.GI.dim(R) <∞.

(6) *
0R'� m, S" l.G-gl.dim(R) ≤ m.

% Gorenstein 54�5���C=, �
,af� Gorenstein �
�%C= (s�� [11,

�� 9.1.10]).



2� :=>6: Gorenstein 78?7@89:; Ding A 337

S3 3.9 8 R �r_ l.G-gl.dim (R) ≤ m 
% Gorenstein 54�, 4



 R-� M ,

A�PY�I:

(1) fdR(M) <∞.

(2) pdR(M) <∞.

(3) idR(M) <∞.

(4) FP-idR(M) <∞.

/6, A������S� m.

N` +� [8, �� 4.3] (0 (1)⇔(2)⇔(3), �6-"���S� m.

(3)⇒(4) -$.

(4)⇒(3) 8 A � FP-�� R-�, 4*
 R-�
db5>dn

0 −→ A −→ I −→ C −→ 0,

�$ I ���
. + (1)⇔(3) (0 fdR(I) < ∞. ./+�b5>dn
dC(0 fdR(A) < ∞.

t/g+ (1)⇔(3) (0 idR(A) <∞. /Æ.

h0��QR.

S3 3.10 8 R ��. k%#aY R-�5���
����, 4 DP = G P. 
F@, k

%# FP-�� R-�5���
����, 4 DI = G I .

+&� 3.9 �&� 3.10 (aM"�:

b� 3.11 8 R �% Gorenstein 54�, 4*
�) DP = G P b DI = G I .

�5����mD#��, 
!"@i��
���� [24, �� 3.12] � [23, �� 3.11].

23 3.12 8 R ��, 4*
A���
�):

sup{DpdR(M) |M � R-�} = sup{DidR(M) |M � R-�} = l.G-gl.dim(R).

N` �
l.gl.DP.dim(R) = sup{DpdR(M) |M � R-�},
l.gl.DI.dim(R) = sup{GidR(M) |M � R-�},

�ef�, 3.8 $ l.gl.GP.dim(R) and l.gl.GP.dim(R) 
�g. 8 m �
!0R'�, cj/�
l.gl.DP.dim(R) ≤ m⇔ l.gl.GP.dim(R) ≤ m⇔ l.gl.DI.dim(R) ≤ m.

*
�h#C�i1C
/�1`, jc/h#C. 8 l.gl.DP.dim(R) ≤ m, 4-$�
l.gl.GP.dim(R) ≤ m.

<?, +�, 3.8 �&� 3.10 (0, �� (�) �)
l.gl.GP.dim(R) = l.gl.GI.dim(R) = l.gl.DI.dim(R) ≤ m

�<. /Æ.

���
��& l.gl.DP.dim(R) = l.gl.DI.dim(R) � l.D-gl.dim(R), ��Æ� R 
% Ding

'���. �� 3.12 B�

�
% Ding '����% Gorenstein '�����.

Bennis �u
� [3, �� 1.1] $/�� Auslander ��
 Gorenstein ��, "


 !

� R �X*
���)
l.G-gl.dim(R) = sup{GpdR(M) |M �����
 R-�}

= sup{GpdR(R/I) | I � R 
%�k}.
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�vKD Auslander ��
 Ding ��.

EF 3.13 8 R ��, 4������:

(1) l.D-gl.dim(R)

(2) sup{DpdR(M) |M �����
 R -�}.
(3) sup{DpdR(R/I) | I � R 
%�k}.
N` -$� (1) ≥ (2) ≥ (3). +� [3, �� 1.1] (0, 


 !� R, X�

l.G-gl.dim(R) = sup{GpdR(R/I) | I � R 
%�k}.
$dlmk� [3, �� 1.1] 
/�lFA��)


�X�<. -$�

sup{DpdR(R/I) | I � R 
%�k} ≥ sup{GpdR(R/I) | I � R 
%�k}.
�A+� [3, �� 1.1] b�� 3.12 (0 (3) ≥ (1). /Æ.

Gorenstein 54�e K(R-GProj) (K(R-GInj), K(R-Proj), K(R-Inj)), " Gorenstein ��

(Gorenstein ��, ��, ��) R-�
c��H45, qh��. + Chen 
F(� [6, �� A] (

0, 


% Gorenstein 54� R, *
DE�I K(R-GProj) � K(R-GInj), �6*
�e

DE�I K(R-Proj) � K(R-Inj).

(�9N 3.11 
!#%(, ��*�KD-"DE�I
 Ding ��.

Of 3.14 � K(R-DProj) (K(R-DInj)) � Ding �� (Ding ��) R-�
c��H45.

+� [6,�� A]�9N 3.11(0, 


% Gorenstein54� R,*
DE�I K(R-DProj) �
K(R-DInj), �6*
�e
DE�I K(R-Proj) � K(R-Inj).

4 ghijklmn Ding oWpqij
�m2)RI45e�
� Ding �
=�45g
�.. @2@, 62MNwm�&$$

MN 1.2 (��� 4.20). (�%(, ��� Gorenstein (54) �Ab�
'���
��C (�

�� 4.21 ��� 4.22).

� A � Frobenius 45, �� A �5�_P
��
;�_P
��
;
5>45, �
6��
;���
;!r. +� [13](0, 



 Frobenius45 A , �=�45 A �DE

45. :�;0, 


� R, 945 G P << =
5>�3 ("%!n^o� G P 
 R-�

3�
b5>dn) I� Frobenius 45, ���-��
;"���� R-�. <?, � Frobenius

45
=�45 G P �DE45.

��&�L�945 DP 

%C=.

S3 4.15 8 R ��, 4 R-Mod 
`945 DP I� Frobenius 45, ���-��
;
"���� R-�. @2@, DP 
=�45 DP �DE45.

N` +� [25, &� 2.4] (0 DP 
SsZ[. <?, DP I�!#5>45, �5>�
3C� =
5>�3 ("%!n^o� DP 
 R-�3�
b5>dn).

*
�



 D ∈ DP � P ∈P, Ext1R(P,D) = 0 = Ext1R(D,P ), �$-!#�)��
[7, &� 2.4]. -"�)B� P 
 DP $Æ���
p���
. ���,, *
 R-�
b5
>dn 0 → D′ → Q′ → D → 0 � 0 → D → Q′′ → D′′ → 0, �$ Q′, Q′′ ∈P, D′,D′′ ∈ DP.

<?, 5>45 DP 5�_P
��
;�_P
��
;.



2� :=>6: Gorenstein 78?7@89:; Ding A 339

��+Ln
�5, xhq/ DP $��
;1���
;1!r, ^� P. /Æ.

�� 4.18 
/�$j#A�&�, --, Kb(R-Flat) !*aY R-�
���H45.

S3 4.16 8 R ��, M � Ding �� R-�.

(1) k Kb(R-Flat) $\I P r_



 i ≥ 0, � P i = 0, 4 HomDb(R-Mod)(M,P ) = 0.

(2) k Kb(R-Proj) $\I P r_



 i ≤ 0, � P i = 0, 4 HomDb(R-Mod)(P,M) = 0.

N` c/��� (1) (�� (2) (A1`/"). >r+� [7, &� 2.4] (0


aY R-

� L Ab

5'� m, X� Extm
R (M,L) = 0. /0 Db(R-Mod) $
oDE

P�−2 → P → P�−1 → P�−2 [1].

'(p9 HomDb(R-Mod)(M,−) ((��oDE, ("A�5>dn
HomDb(R-Mod)(M,P�−2 [m])→ HomDb(R-Mod)(M,P [m])→ HomDb(R-Mod)(M,P�−1 [m]).

*
� P�−1 �y$� −1 ^A
\I, ./
HomDb(R-Mod)(M,P�−1 [m]) ∼= Extm

R (M,P−1) = 0,

�6, \I P�−2 
0[^A
n�q\I P 0[^A
n�s!#, *)L)��. <?, 
\
I P 0[^A
n�tf��aj(" HomDb(R-Mod)(M,P ) = 0. /Æ.

� Db(R-Mod)
̂DP
� Db(R-Mod) 
+��5��� Ding ����
����\I3�


945.

S3 4.17 8 R ��, 4 Db(R-Mod)
̂DP
� Db(R-Mod) 
DE`945.

N` +�,h0, Db(R-Mod)
̂DP
� Db(R-Mod) 
!#`945, �6, Db(R-Mod)

̂DP


 Db(R-Mod) $
�3Z[. +&� 2.7 (1) (0 Db(R-Mod)
̂DP

\IatZ[. �v/�

Db(R-Mod)
̂DP

\I
J�tZ[. 8

X → Y → Z → X[1]

� Db(R-Mod) $
!oDE, �$ X � Y 5���
 Ding ����. �rz8�oDE�
+ Ch(R) $b5>dn

0→ X → Y → Z → 0

uC
, 4+&� 2.7 (1) (0 Z v5���
 Ding ����. -B� Db(R-Mod)
̂DP

\I


J�tZ[. /Æ.

8 A � Frobenius 45, 8���-��
;3�1�� IA , 4=�45 A $
oDE�
<���)"�
. 



 X ∈ A , /0 A $f5>
 !b

0 �� X
i ��

u
��

I(X) ��

��

Σ(X) ��

‖
��

0

0 �� Y �� C(u) �� Σ(X) �� 0,

�$ I(X) ∈ IA , C(u) � (i, u) 
�Db, Σ(X) � X 
!AG>s, 4dn
X

u−→ Y −→ C(u) −→ Σ(X)

C� A $
oDE, �6 Σ � A $
atp9.

8 T �DE45, K � T 
�tu
DE945 ("
a�<9Z[
DE945), 4
*
 Verdier G45 T /K , �6 T /K ;�DE45.
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+&� 4.17 (0 Db(R-Mod)
̂DP
�DE45, �6 Kb(Proj) � Db(R-Mod)

̂DP

�tu


DE945. <?, Verdier G Db(R-Mod)
̂DP

/Kb(R-Proj) ;�DE45.

8%# DP $ R-� DÆ�y$� 0^A
\I,4+&� 2.7 (2)(0 DpdCh(R)(D) <∞.

<?*
{#p9
DP ↪→ Db(R-Mod)

̂DP
.

� F �A�p9
>�:

DP ↪→ Db(R-Mod)
̂DP

ΠDP→ Db(R-Mod)
̂DP

/Kb(R-Proj),

�$ ΠDP �vuGp9. -$ F 8%# P $
�w� Verdier G Db(R-Mod)
̂DP

/Kb(R-Proj)

$
[
;. <?, +=�45
xC=(0 F ( � DP 1W, "*
w!
p9
F : DP → Db(R-Mod)

̂DP
/Kb(R-Proj),

S" F = FQDP , �$ QDP : DP → DP �vuGp9.

�5����xm
D#��.

23 4.18 p9
F : DP → Db(R-Mod)

̂DP
/Kb(R-Proj)

�DE�I.

N` �/�1�yy: (1) /� F �DEp9, (2)–(4) 12/� F �zq
Wr
bv
R
.

(1) F �DEp9. 8

X
u−→ Y → Z → Σ(X)

� DP $
oDE, 4*
 DP $
 !b:

0 �� X ��

u
��

I(X) ��

��

Σ(X) ��

‖
��

0

0 �� Y �� Z �� Σ(X) �� 0,

�$%fX�b5>dn. -(AuC Db(R-Mod)
̂DP

/Kb(R-Proj) $oDE
 !b, �$ u

!* u 
 Db(R-Mod)
̂DP

/Kb(R-Proj) $
%
V1):

X ��

u
��

I(X) ��

��

Σ(X) ��

‖
��

X[1]

u[1]��
Y �� Z �� Σ(X) �� Y [1].

*
�
 Db(R-Mod)
̂DP

/Kb(R-Proj) $ I(X) = 0, </ Σ(X) ∼= X[1]. <?
X

u−→ Y → Z → X[1]

� Db(R-Mod)
̂DP

/Kb(R-Proj) $
oDE. �A F �DEp9.

(2) F �zq
.8 X ∈ Db(R-Mod)
̂DP

/Kb(R-Proj),4 X �����\I,6*
 m ∈ Z,

S" DpdCh(R)(X) = m, ./+�, 2.6 (0, *
 F -a`��1W
T

τ−→ P → X,
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S"%# Zi(T ) ∈ DP. ) i ≤ m 3, � τ i = 1P i , �6 P ���.

*
�\I P 5���I)

· · · → Pm−1 → Pm → · · · → P k−2 → P k−1 → P k → 0.

./� Db(R-Mod) $
oDE
P�m+1 → P → P�m → P�m+1 [1].

(�%Gp9((��oDE, (A"� Db(R-Mod)
̂DP

/Kb(R-Proj) $
oDE
P�m+1 → P → P�m → P�m+1 [1].

<?, 
 Db(R-Mod)
̂DP

/Kb(R-Proj) $��3 P ∼= P�m . *
�
 Db(R-Mod) $��3
P�m

∼= Coker(Pm−1 → Pm) ∼= Coker(T m−1 → T m).

./, 
 Db(R-Mod)
̂DP

/Kb(R-Proj) $����3
X ∼= P ∼= Coker(Tm−1 → T m).

*
� Coker(T m−1 → T m) o� DP. �A F �zq
.

(3) F �r
.

+� F = FQDP , ./cj/� F �r
. 8

X
α←− Z

g−→ Y

� Db(R-Mod)
̂DP

/Kb(R-Proj) $
Z�, �$ X,Y ∈ DP, α T� Kb(R-Proj) 
%
{��
x| .. 8 α }�!#oDE

X[−1] ω−→ H → Z
α−→ X,

S" H ∈ Kb(R-Proj). /0 Kb(R-Proj) $
oDE
H�1

h−→ H
ϕ−→ H�0−→H�1 [1].

+&� 4.16 (1) (0 HomDb(R-Mod)(X[−1],H�0) = 0. -B� ϕω = 0, </ ω ( � h 1W.

/0��oDE
 !b
X[−1] ��

‖
��

H�−1
��

h
��

Z ′ s ��

l
��

X

‖
��

X[−1] ω �� H �� Z
α �� X,

�$ s, l, α XT� Kb(R-Proj) 
%
{��x| .. *
� HomD(R-Mod)(H�1, Y ) = 0 (�

&� 4.16 (2)). ��*
�Z k : X → Y , S" gl = ks = kαl. ./ k = gα−1. �A F �r
.

(4) F �vR
.

z8 DP $*
�Z f : X → Y , S" F (f) = 0. �/ f = 0. �?, 8 f }� DP $

oDE

X
f−→ Y

g−→ Z → ΣX.

<� F (f) = 0,�A F (g)�(|V
.+yw (3)(0 F �r
.��*
!#�Z α : Z → Y ,

S" 1F (Y ) = F (αg); J*
�Z β : Y → Y , S" F (β) = 1F (Y ), �6 β = αg. F8 β }�
DP $
oDE

Y
β−→ Y → C(β)→ ΣY.
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h0 F (C(β)) ∈ Kb(R-Proj). +� [7, &� 2.4] (0%#5���aY��
 Ding �����

�
. -!QRB� C(β) ∈P. <? β 
 DP $��3. -z&@ g �(|V
, </ f = 0.

t/ F �vR
. /Æ.

*
�&� 4.15, 4.16 � 4.17 ^5� Ding ���

F��. @2@, 945 DI 3�
Frobenius 45, ���-��
;1" I . 12� DI � Db(R-Mod)

̂DI
� DI 
=�45

� Db(R-Mod) $+��5��� Ding ����
����\I3�
`945, 4 DI �
Db(R-Mod)

̂DI
�DE45, �6 Db(R-Mod)

̂DI
/Kb(R-Inj) K�DE45.

23 4.19 


� R, *
DE�I
DI � Db(R-Mod)

̂DI
/Kb(R-Inj).

+� [2, �� 6.9] (0, � R �% Gorenstein 54�)6B)*
DE�I
G P � Db(R-Mod)/Kb(R-Proj) (* G I � Db(R-Mod)/Kb(R-Inj)).

���>A8 Buchweitz��SA�J�45
OI, �KD�T. @2@,RI45� Gorten-

stein 54�qh��.

����t!yL��RI45� Gortenstein 54�g
�., �6MNwm�&$$

MN 1.2. *
�62
� ���� [2, �� 6.9].

EF 4.20 8 R ��, 4A�PY�I:

(1) R �% Gorenstein 54
.

(2) 



 R-� M , X� DpdR(M) <∞.

(3) 



 R-� M , X� DidR(M) <∞.

(4) l.D-gl.dim(R) <∞.

(5) *
DE�I
DP � Db(R-Mod)/Kb(R-Proj).

(6) *
DE�I
DI � Db(R-Mod)/Kb(R-Inj).

N` (1)⇔ (2)⇔ (3)⇔ (4) (+�� 3.12 b�, 3.8 /".

(1)⇒(5) cj/�%# Db(R-Mod) $
\I
P = 0→ Pm → · · · → P k−2 → P k−1 → P k → 0

r_ DpdCh(R)(P ) <∞. >r+ R 
% Gorenstein 54C, �, 3.8 ��� 3.12 (0, 
%#
m ≤ i ≤ k, DpdR(P k) < ∞. t/+&� 2.7 (2) (0, 
%# m ≤ i ≤ k, DpdCh(R)(P

i) < ∞.

/0 Db(R-Mod) $
oDE
P�k−1 → P → P�k

→ P�k−1 [1].

*
� P�k
= P k, �y$� k ^A
\I, ./ DpdCh(R)(P�k

) < ∞, �6, \I P�k−1 
0
[^A
n�q\I P 0[^A
n�s!#, *)L)��. <?, 
\I P 0[^A
n�
tf��aj(/�, DpdCh(R)(P ) <∞.
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(5)⇒(2) + (5) (0*
DE�I DP � Db(R-Mod)/Kb(R-Proj). +�� 4.18 (0*

DE�I DP � Db(R-Mod)

̂DP
/Kb(R-Proj). ��*
A�DE�I

Db(R-Mod)
̂DP

/Kb(R-Proj) � Db(R-Mod)/Kb(R-Proj).

*
� Db(R-Mod)
̂DP

/Kb(R-Proj)� Db(R-Mod)/Kb(R-Proj)
DE945. ./(( =

� q/

Db(R-Mod)
̂DP

= Db(R-Mod).

8 M �
! R-�, 4 M ∈ Db(R-Mod). ./+�5�)(0, M ∈ Db(R-Mod)
̂DP

. <?, +

&� 2.7 (2) (0 DpdR(M) = DpdCh(R)(M) <∞.

(1)⇒(6) � (6)⇒(2) 12
F� (1)⇒(5) � (5)⇒(2). /Æ.

+� [1, &$, p.123] (0� R �OZ
 (" l.gl.dim(R) <∞) )6B)
Db(R-Mod)/Kb(R-Proj) = 0.

+?(\D Db(R-Mod)/Kb(R-Proj) PPQ]� R 
OZC. -!QR(+����,9"�.

EF 4.21 8 R ��, 4A�PY�I:

(1) R �OZ
, " l.gl.dim(R) <∞.

(2) R �% Gorenstein 54�6 DP = P.

(3) R �% Gorenstein 54�6 DI = I .

(4) Db(R-Mod)/Kb(R-Proj) = 0.

(5) Db(R-Mod)/Kb(R-Inj) = 0.

N` h" (1)⇔ (2)⇔ (3).

(2)⇒(4) + R 
% Gorenstein 54C��� 4.20 (0*
DE�I
DP � Db(R-Mod)/Kb(R-Proj).

+ DP = P (" DP = 0. <?, Db(R-Mod)/Kb(R-Proj) = 0.

(4)⇒(2) *
� Db(R-Mod)
̂DP

/Kb(R-Proj)� Db(R-Mod)/Kb(R-Proj)
DE945, .
/+z8(0 Db(R-Mod)

̂DP
/Kb(R-Proj) = 0. t/+�� 4.18(0DP = 0. �� DP = P.

_!�v,

DP = 0 � 0 = Db(R-Mod)/Kb(R-Proj)

x��5, +�� 4.20 (0 R �% Gorenstein 54�.

(3)⇒(5) � (5)⇒(3) 12
F� (2)⇒(4) � (4)⇒(2). /Æ.

+� [11, �� 12.3.1] (0, !#?B Noether � R � Gorenstein �)6B)
�



M ∈ R-Mod, GpdR(M) < ∞, �I@, )6B) R �% Gorenstein 54�. +�� 4.20 �-
!QR(aM"�:

EF 4.22 8 R �?B Noether �, 4A�PY�I:

(1) R � Gorenstein �.

(2) *
DE�I
DP � Db(R-Mod)/Kb(R-Proj).

(3) *
DE�I
DI � Db(R-Mod)/Kb(R-Inj).
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