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Abstract Let A be an abelian category and X a subcategory of A . Sather-Wagstaff,
Sharif and White introduced the Gorenstein subcategory G (X ). Denote by PP the
class of pure-projective R-modules and by P the class of projective R-modules. We
show that there are some rings such that G (P) � G (PP), which gives a negative
answer to the Question that whether G (W ) is contained in G (X ) provided that W

is a subcategory of X . In addition, we give some characterizations of when G (P) ⊆
G (PP) and G (PP) ⊆ G (P) hold.
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1 56
��7 R �8��9����, �8� R- ���:;�. P < I �����8�� R-

���� R- �� � . = Mod(R) !��8: R- �� ��"#. �7!$"#�%$�
%>, &� [1, 11, 14].

& A ''()"#, X ' A �?"#. Sather-Wagstaff *( [18] @)* Gorenstein ?
"#�%$. A+BC�', Gorenstein ?"#�%$+D*E,�%$: Gorenstien -.�

0 �� [2], Gorenstein ��� [10], Gorenstein ��� [10], V -Gorenstein ��� [12],

V -Gorenstein ��� [12]. A /�F�,0

X• := · · · �� Xn+1

∂X
n+1 �� Xn

∂X
n �� Xn−1

�� · · ·
-�1 X - F� [18] 'GÆ. Xi ∈ X 2/? HomA (−,X ) < HomA (X ,−) H=0 X• /

3F�. & M � A 7�14. 52I1 X - F�,0 X, 6+ M ∼= Coker(∂X
1 ), J- M �1

X - F�14. 78= G (X ) �� A 7�81 X - F�14� �?"#. 5 A = Mod(R),

J G (P) (9K3, G (I )) ���8 Gorenstein �� (9K3, Gorenstein ��) R- �� �

 . & G 0(X ) = X , G 1(X ) = G (X ) � G n+1(X ) = G (G n(X )), :7L. n ≥ 1. M� [18,

B 4.2] 4N, X ⊆ G (X ), Æ2 G n(X ) ⊆ G n+1(X ), :7L. n ≥ 1. Sather-Wagstaff, Sharif

� White I� [18] 7O#* G (X ) Æ8567�;P. <=, 1 A �>.?"# X � W , 5

8 W ⊆ X , X 18Q9:, Æ2 W ;' X ���R? ?S' X ���R? ?, JM�
[18, <@ 4.9] 4N G n(X ) ⊆ G (W ), :7L. n ≥ 1. =', D>A?, G (X ) @ABI G (W )

7 (&� [18, < 5.9]). TC, Sather-Wagstaff, Sharif � White BD,C�EFDE:

U% 1.1 (&� [18, DE 5.8]) & W ' A �?"#2 W ⊆ X , 'GD<8 G (W ) ⊆
G (X )?

HI� [7, 14], R- �"#7�F�F 0 −→ X −→ Y −→ Z −→ 0 -�JF�F'G1G
C8H�� R- � C, IF 0 −→ HomR(C,X) −→ HomR(C, Y ) −→ HomR(C,Z) −→ 0 F�.

R- � M -�J��'G1Æ.JF�F 0 −→ X −→ Y −→ Z −→ 0, IF HomR(M,Y ) −→
HomR(M,Z) −→ 0 F�. M� [8, <@ 18–2.10], M 'J���K2LK M '8H�J��V
��V�K. & PP ��J�� R- � , LM8 P ⊆ PP. TC, ,N�<@MDDE 1.1
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�D.G<TU.

YZ 1.2 & R ��, ,FVC R:

(1) 5 R = K[x1, . . . , xn]/(xt1
1 , . . . , xtn

n ), :7 K �[, L. n ≥ 2 Æ2Æ. ti ≥ 2, J
G (P) � G (PP).

(2) 5 R ':W\X�=Y von Neumann FJ�, J G (PP) � G (P).

M<@ 1.2 ]M^DZS G (P) ⊆ G (PP) � G (PP) ⊆ G (P)  R? 8,C<@.

YZ 1.3 & R ��, ,FVC R:

(1) 5 R ''[!., J R '8H CM- T� virtually Gorenstein !.K2LK G (P) ⊆
G (PP).

(2) 5 R ':UV�, J R 'W Frobenius �K2LK G (PP) ⊆ G (P).

2 _`ab
& F • : · · · −→ Fn+1 −→ Fn −→ Fn−1 −→ · · · � Mod(R) /�X,0. =\ F • 'F��,

21cGC8H�� R- � C �d] Abel Y/�,0

· · · −→ HomR(C,Fn+1) −→ HomR(C,Fn) −→ HomR(C,Fn−1) −→ · · ·
'F��, J- F • 'JF�� [9]. M� [6], 51GC R- � M , 8 HomR(M,F •) F�, J-
F • �4Z�,0 (contractible complex).

e% 2.1 & R '�, J G (PP) = PP.

fg h[O G (PP) ⊆ PP . =\ M ∈ G (PP), \]2ID.^1 PP- F��,0

P • : · · · �� P1

∂P
1 �� P0

∂P
0 �� P−1

�� · · · ,

6+ M ∼= Coker(∂P•
1 ). T�Æ.8H�� R- �^'J���, �E_i_D P • 'D.J��

��JF�,0. M� [9, `a 3.7] 4N P • '4Z�. MCiN M b�c P−1 �V�K, TC
M ∈ PP. c'8 G (PP) ⊆ PP , �E G (PP) = PP . O`.

jZ 2.2 & K '[, Λ = KQ/I, :7 Q 'ac 1◦α1 �� α2�� , I ' KQ M α1α2 −
α2α1, α

2
1 � α2

2 ? � KQ �@d. =\e V = (
⊕∞

i=1 Kξi) ⊕ (
⊕∞

i=1 Kηi), φ1, φ2 � V 0

V ]f/�k�, 6+ φ1(
∑n

i=1 kiξi +
∑m

j=1 ljηj) =
∑n

i=1 kiηi+1, φ2(
∑n

i=1 kiξi +
∑m

j=1 ljηj) =∑n
i=1 kiηi, J M = Vφ1 �� φ2�� �@4�b��.

fg BC0 End(M) = {ϕ : V −→ V |ϕφ1 = φ1ϕ, ϕφ2 = φ2ϕ}, TC, 1GC� ϕ ∈
End(M), 8

ϕφ1(ξi) = ϕ(ηi+1) = φ1ϕ(ξi), (1)

φ1ϕ(ηi) = ϕφ1(ηi) = 0, cd+0 ϕ(ηi) ∈ Ker(φ1) = span{ηj | j ≥ 1}, Ee
ϕφ2(ξi) = ϕ(ηi) = φ2ϕ(ξi). (2)

1GC i ≥ 1, f& ϕ(ξi) = ai + bi, :7 ai =
∑ni

j=1 kjiξj , bi =
∑mi

j=1 ljiηj , kji, lji ∈ K. c
' ϕ(η1)

(2)
= φ2ϕ(ξ1) = φ2(a1 + b1) =

∑n1
j=1 kj1ηj ; ϕ(η2)

(2)
= φ2ϕ(ξ2) = φ2(a2 + b2) =

∑n2
j=1 kj2ηj ,

ϕ(η2)
(1)
= φ1ϕ(ξ1) = φ1(a1 + b1) =

∑n1
j=1 kj1ηj+1.
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TC, 1GC j ≥ 2, 8 n2 = n1 + 1, k12 = 0, kj2 = kj−1,1, �E a2 =
∑n1+1

j=2 kj−1,1ξj 2

ϕ(η2) =
∑n1+1

j=2 kj−1,1ηj . EC `, 4+1GC� i ≥ 1, ai � ϕ(ηi) ^4M a1 �g.�h<.

ij/, ai =
∑n1+i−1

j=i kj−i+1,1ξj , ϕ(ηi) =
∑n1+i−1

j=i kj−i+1,1ηj .

cd, 1cGC ϕ ∈ End(M), 8
ϕ(ξ1, ξ2, . . . , η1, η2, . . .) = (ξ1, ξ2, . . . , η1, η2, . . .)

(
A 0
B A

)
,

:7 B 'F8H�gl, 2

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

k1 0 0 0 · · ·
k2 k1 0 0

. . .

k3 k2 k1 0
. . .

...
. . . . . . . . . . . .

kn kn−1
. . . . . . . . .

0 kn
. . . . . . . . .

...
. . . . . . . . . . . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

5 ϕ2 = ϕ ∈ End(M),J (
A 0
B A

)2
=

(
A 0
B A

)
. TC A2 = A, BA+AB = B. mhViO#* A = 0,

jn

A =

⎛
⎜⎜⎜⎝

1 0 0 0 · · ·
0 1 0 0 · · ·
0 0 1 0 · · ·
...

. . . . . . . . . . . .

⎞
⎟⎟⎟⎠ .

@kkoA0, ^8 B = 0. TC ϕ = 1 jn ϕ = 0, cdh8 M '@4�b�. O`.

jZ 2.3 & K �[, Q 'ac

1◦

αn

��
α1 ��

α2

��
αi

		
,

I �M {αiαj − αjαi}n
i,j=1, αt1

1 , . . . , αtn
n ? � KQ �@d, :7 n ≥ 2 21GC� 1 ≤ i ≤ n,

ti ≥ 2. e V = (
⊕∞

i=1 Kξi) ⊕ (
⊕∞

i=1 Kηi),

φ1 : V −→ V, φ1

( n∑
i=1

kiξi +
m∑

j=1

ljηj

)
=

n∑
i=1

kiηi+1,

φ2 : V −→ V, φ2

( n∑
i=1

kiξi +
m∑

j=1

ljηj

)
=

n∑
i=1

kiηi, φj = 0, 3 ≤ j ≤ n,

J

M = V

φn




φ1 ��

φ2

�� φi

��
' Λ = KQ/I /�@4p��, 2 M @'J���.
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fg lDm��O#�@@ 2.2 �O# l. LM, M 'mH? �. =\ M 'J��

�, Mc Λ '8H-!., �Enn� [16, <@ 2.2] 4E+0, M '@4�b8H�J Λ- ��

V�. T� M '@4�b�, �E M '8H�J�. TCh< M 'mH? �oo, �E M

@'J���. O`.

=\� R ;':]���S':UV�, J-� R 'W-Frobenius. m.<q':r1-
�, 2W-Frobenius �s' (pp) '[�. � [15, 15D. 419 t] 7^8DqW-Frobenius ��<

?�qr. s=: &!. K �[, ti > 0, J K[x1, . . . , xn] �rtg xt1
1 = · · · = xtn

n = 0 u�

s!.'D.vw�xm� Frobenius !. (&� [15, 15D. 419 t]), TCth'W-Frobenius

�. u�vN, � R 'W-Frobenius �y^uz'�8 R- �^' Gorenstein ��� (&� [5,

<@ 2.2]). JIh{O#@v7�<@ 1.2 (1).

YZ 1.2 (1) wfg M� [15, 15D. 419 t] 4N R 'xm Frobenius � K- !.. TC R

'W-Frobenius, |GC R- �^' Gorenstein ���. e Λ �@@ 2.3 7�!., \] R b�

c Λ. nn@@ 2.3 4N2ID.mH? �@4�b� R- � M , = M @'J���. TC,

MwE 2.1 4N G (P) � G (PP). O`.

=\� R �GC8H? �:@d^'���, J- R ':W\X�. =\� R 7�Æ.
9x a, 2I x ∈ R, 6+ a = axa, J- R ' von Neumann FJ�. M� [13, <@ 1.1] 4N, �

R ' von Neumann FJK2LKÆ.x:@dMD.y*9? , K2LKÆ.8H? :@
d4MD.y*9? . TCGC von Neumann FJ�^'W\X�, D>A?,, zwE@ 

R. <=: L.� Z 'W\X�, ={@' von Neumann FJ�.

e% 2.4 & R 'D.�. =\ G (PP) ⊆ G (P), \],Cuz*}:

(1) R ' von Neumann FJ�;

(2) R ':W\X�.

fg (1) ⇒ (2) 'LM�.

(2) ⇒ (1) 1GC� a ∈ R, M R/Ra ∈ PP = G (PP) �f&4+ R/Ra ' Gorenstein

���. |D~N, T� R 'W\X�, 78h8 R/Ra ���-.y6� 1. TC R/Ra '�

��, J Ra ' R �V�K. �E R ' von Neumann FJ�. O`.

YZ 1.2 (2) wfg MwE 2.4 4N<@ 1.2 (2)  R, O`.

& W � R- �� � . e

⊥W = {X ∈ Mod(R) |Extn
R(X,W ) = 0, ∀n ≥ 1,W ∈ W }.

 l3, 784E<q W ⊥. & R �'[!.2 ⊥G (P) = G (I )⊥, J- R � virtually Goren-

stein !. [3]. 5Ib�Cq,, h88H6.@4�b�8H? Gorenstein �� R- �, J-
R�8H Cohen–MacaulayT,Z} 8H CM-T.,C�\qr*~]S� G (P) ⊆ G (PP),

zAB*@v7�<@ 1.3 (1).

e% 2.5 & R �'[!., J,CVC*}:

(1) R '8H CM- T� virtually Gorenstein !.;

(2) G (P) ⊆ G (PP).

fg (1) ⇒ (2) =\ R '8H CM- T� virtually Gorenstein !., JM� [4, <@ 4.10]

4N, GC� Gorenstein �� R- �^'8H? R- ��V�, TCh'8H�J R- ��V�
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(T� R ''[!.). �E G (P) ⊆ G (PP).

(2) ⇒ (1) =\ G (P) ⊆ G (PP), \]MwE 2.1 4N, GC Gorenstein �� R- �'J

���. =\ M ' Gorenstein ���, \] M 'J��. �Enn� [16, <@ 2.2], h8 M

'@4�b8H�J R- ��V�. mM� [4, <@ 4.10] h"# R '8H CM- T� virtually

Gorenstein !.. O`.

,N=AB<@ 1.2 (2) �D.wE{����.

e% 2.6 & R ':UV�, J,CVC*}:

(1) R 'W Frobenius �;

(2) G (PP) ⊆ G (P).

fg (1) ⇒ (2) 'LM�.

(2) ⇒ (1) & G (PP) ⊆ G (P), T� R ':UV�, �EGC8H? � R- �^'

Gorenstein ���. 1c R �:@d I , R/I ' Gorenstein ���, cd8 Ext1R(R/I,R) = 0.

mM Baer {Jh4"# R ':]���, TC R 'W Frobenius. O`.
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