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1 OP
� S (Rn) � Rn �� Schwartz �	��
 S ′(Rn) ������	 Rn ��

���

�. � T : S (Rn) → S ′(Rn) �
� K ����Q, ���: ��� f ∈ C∞
c (Rn),

Tf(x) =
∫

Rn

K(x, y)f(y)dy, x /∈ supp f.

� T � Calderón–Zygmund ��Q, ���R����:
(1.1) T ���� L2(Rn) �����Q;

����: 2009-03-04; ����: 2009-10-27

�� !: �"�S���TU ! (108136)
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(1.2) K �Æ% {(x, y) ∈ Rn × Rn : x �= y} &����	
�'Æ	 C > 0, (�∫
|x−y|>2|z−y|

(|K(x, y) − K(x, z)| + |K(y, x) − K(z, x)|)dx ≤ C

��� y, z ∈ Rn  !;
(1.3) �'Æ	 q0 > 2 ")	*# {Cj}∞j=1, (��� j ∈ N ,(∫

2j |z−y|≤|x−y|<2j+1|z−y|
|K(x, y) − K(x, z)|q0dx

)1/q0

≤ Cj(2j |z − y|)−n/q′
0

" (∫
2j |y−z|≤|y−x|<2j+1|y−z|

|K(y, x) − K(z, x)|q0dx

)1/q0

≤ Cj(2j |z − y|)−n/q′
0 ,

�Y q′0 � q0 �$Z+%, 	 1/q0 + 1/q′0 = 1.
[ 1.1 ,&-'() Calderón–Zygmund �Q�
 K(x, y) �R

|K(x, y)| ≤ C|x − y|−n

"�' δ > 0, * |x − y| > 2|z − y| ., �

|K(x, y) − K(x, z)| + |K(y, x) − K(z, x)| ≤ C
|z − y|δ

|x − y|n+δ
.

/+,-.��-, () Calderón–Zygmund �Q� Calderón–Zygmund ��Q�012
3 (Cj = 2−jδ).

\/, 4 [2] 501 Calderón–Zygmund ��Q'26 Lebesgue �� Lp
ω(Rn) (1 ≤ p < ∞)

"26 Hardy �� H1
ω(Rn) �����.

]^ A [2] � T � Calderón–Zygmund��Q
*# {Cj}∞j=1 ∈ l1,7 T ���� Lp(Rn)
(1 < p < ∞) �����Q
�8 (1, 1) ��.

�9 Calderón–Zygmund ��Q: BMO �	3 Lipschitz �	; �45Q, 4 [4] 6<
Sharp 78�	�9=:.�;1�' Lebesgue ������.

]^ B [4] � T � Calderón–Zygmund ��Q
*# {Cj}∞j=1 ∈ l1. � b ∈ BMO, 745
Q [b, T ] ' Lp(Rn) (1 < p < ∞) ���, 
�': f ><�Æ	 C > 0, (�

‖[b, T ]f‖p ≤ C‖b‖BMO‖f‖p.

]^ C [4] � T � Calderón–Zygmund ��Q, q0 > 2 ��� (1.3) Y�Æ	, {Cj} ∈ l1.
� b ∈ Λ̇β 
 0 < β < min{1, n(1 − 2/q0)}, 745Q [b, T ] �= Lq1(Rn) ; Lq2(Rn) ����
Q, �Y 1 < q1 < n/β 
 1/q2 = 1/q1 − β/n. >??�

‖[b, T ]f‖q2 ≤ C‖b‖Λ̇β
‖f‖q1 .

@��@A�AB, C4D! Calderón–Zygmund ��Q"�: BMO �	3 Lipschitz �
	; �45Q' Herz � Hardy �������. BCEFD<��.

� k ∈ Z, G Bk = {x ∈ Rn : |x| < 2k}, Ek = Bk \ Bk−1 " χk = χEk
� Ek ��0E�	.

]_ 1.1 [5] � α ∈ R " 0 < p, q ≤ ∞.
(1) FH Herz �� K̇α, p

q (Rn) ���

K̇α, p
q (Rn) = {f ∈ Lq

loc(R
n \ {0}) : ‖f‖K̇α, p

q (Rn) < ∞},
�Y

‖f‖K̇α, p
q (Rn) =

( ∞∑
k=−∞

2kαp‖fχk‖p
q

)1/p

,
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* p = ∞ 3 q = ∞ .Æ/Æ�LQ.
(2) RFH Herz �� Kα, p

q (Rn) ���

Kα, p
q (Rn) = {f ∈ Lq

loc(R
n) : ‖f‖Kα, p

q (Rn) < ∞},
�Y

‖f‖Kα, p
q (Rn) =

(
‖fχB0‖p

q +
∞∑

k=1

2kαp‖fχk‖p
q

)1/p

,

* p = ∞ 3 q = ∞ .Æ/Æ�LQ.
]_ 1.2 [5] � α ∈ R, 0 < p, q < ∞, G(f) � f � Grand 78�	

G(f)(x) = sup
ϕ∈AN

|ϕ∗
∇(f)(x)|,

�Y AN = {ϕ ∈ S (Rn) : sup|α|, |β|≤N |xαDβϕ(x)| ≤ 1} " N ≥ n + 1.
(1) FH Herz � Hardy �� HK̇α, p

q (Rn) ���

HK̇α, p
q (Rn) = {f ∈ S ′(Rn) : G(f) ∈ K̇α, p

q (Rn)}



‖f‖HK̇α, p
q (Rn) = ‖G(f)‖K̇α, p

q (Rn).

(2) RFH Herz � Hardy �� HKα, p
q (Rn) ���

HKα, p
q (Rn) = {f ∈ S ′(Rn) : G(f) ∈ Kα, p

q (Rn)}



‖f‖HKα, p
q (Rn) = ‖G(f)‖Kα, p

q (Rn).

[ 1.2 MN, �O 0 < p < ∞ " α ∈ R, HK̇0, p
p (Rn) = HK0, p

p (Rn) = Hp(Rn) 

HK̇

α/p, p
p (Rn) = Hp

|x|α(Rn), PS Herz � Hardy ���() Hardy ���QT, FH Herz �

Hardy ��UV1WX6� Hardy ��.
� 1 < q < ∞, ,&-'* −n/q < α < n(1 − 1/q) ., HK̇α, p

q (Rn) = K̇α, p
q (Rn) "

HKα, p
q (Rn) = Kα, p

q (Rn). Y* α ≥ n(1 − 1/q) ., HK̇α, p
q (Rn) �= K̇α, p

q (Rn) " HKα,p
q (Rn) ⊂

Kα,p
q (Rn) (Z4 [3, 5]).
]_ 1.3 [5] � α ≥ n(1 − 1/q) " 1 < q < ∞. � Rn ���	 a �YR (α, q) SQ, �
(1) � r > 0, � supp a ⊂ B(0, r) ;
(2) ‖a‖q ≤ |B(0, r)|−α/n;
(3) ����R�� 0 ≤ |γ| ≤ [α − n(1 − 1/q)] �[b+% γ, �

∫
Rn a(x)xγdx = 0.

��	 a �TU�YR (α, q) SQVA���� (1) � r ≥ 1  !, 
 (2) " (3)  !.
c^ 1.1 [5] � 0 < p < ∞, 1 < q < ∞ " n(1 − 1/q) ≤ α < ∞. 7
(1) f ∈ HK̇α, p

q (Rn) �\�]W���

f =
∞∑

k=−∞
λkak

'����� !, �Y ak �YR (α, q) SQ, supp ak ⊂ Bk 

∑∞

k=−∞ |λk|p < ∞. >??, �

‖f‖HK̇α, p
q (Rn) ∼ inf

{( ∞∑
k=−∞

|λk|p
)1/p}

,

�Y�X�Y^ f �Z����_.
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(2) f ∈ HKα, p
q (Rn) �\�]W���

f(x) =
∞∑

k=0

λkak(x)

'����� !, �Y ak �TU�YR (α, q) SQ, supp ak ⊂ Bk 

∑∞

k=0 |λk|p < ∞. >?
?, �

‖f‖HKα, p
q (Rn) ∼ inf

{( ∞∑
k=0

|λk|p
)1/p}

,

�Y�X�Y^ f �Z����_.

4 [6] Y��1 Herz � Hardy ���V�`aQ��:

]_ 1.4 [6] �Rb[	 s, �� Herz � Hardy ���`aQ�� Ds(Rn) " Ḋs(Rn) �

Ds(Rn) =
{

f ∈ C∞
c (Rn) :

∫
Rn

f(x)xαdx = 0, |α| ≤ s

}
"

Ḋs(Rn) = {f ∈ Ds(Rn) : 0 /∈ supp f}.

� 1 < p < ∞, p′ c\ p �$Z+%, 	 1/p + 1/p′ = 1, χE �de E �0E�	; �O
t ∈ R, [t] c\fg+ t �\8[	; C c\Æ	
f]hhD]. C4iD!FH������
@A, RFH���D^@A_`jakD!, 'Sbl.

2 Calderón–Zygmund defghij
]^ 2.1 � T � Calderón–Zygmund ��Q, q0 > 2 ��� (1.3) Y�Æ	, ε > 0 
*

# {Cj2jε}∞j=1 ∈ l1. � 0 < p < ∞, 1 < q ≤ q0 " n(1 − 1/q) ≤ α < n(1 − 1/q) + ε, 7 T �=

HK̇α, p
q (Rn) ; K̇α, p

q (Rn) ����Q.

kl 9O Ḋs(Rn) ' HK̇α, p
q (Rn) `a, ,&cdef T = Ḋs(Rn) ; HK̇α, p

q (Rn) ��,
�Y s = [α − n(1 − 1/q)]. 9O Ḋs(Rn) Y�	m��T�SQ�_, � f ∈ Ḋs(Rn), �

f(x) =
∞∑

k=−∞
λkak(x)

��� x ∈ Rn\{0} !, �Y ak �YR (α, q)SQ, supp ak ⊂ Bk+2\Bk−1 
�'Rb[	 N ,
(�* |k| > N ., λk = 0 " (

∑∞
k=−∞ |λk|p)1/p ≤ C‖f‖HK̇α, p

q (Rn), �Y C > 0 : f ><.

MN, Tf(x) =
∑∞

k=−∞ λkTak(x), =Y

‖Tf‖p

K̇α, p
q (Rn)

≤
∞∑

j=−∞
2jαp

( ∞∑
k=−∞

|λk| ‖(Tak)χj‖q

)p

≤ C

∞∑
j=−∞

2jαp

( j−4∑
k=−∞

|λk| ‖(Tak)χj‖q

)p

+ C
∞∑

j=−∞
2jαp

( ∞∑
k=j−3

|λk| ‖(Tak)χj‖q

)p

:= I1 + I2.
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�O I2 �:., 9 T � Lq ���, �

I2 ≤ C

∞∑
j=−∞

2jαp

( ∞∑
k=j−3

|λk| ‖ak‖q

)p

≤ C

∞∑
j=−∞

2jαp

( ∞∑
k=j−3

|λk| 2−kα

)p

≤

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

C
∞∑

j=−∞
2jαp

∞∑
k=j−3

|λk|p 2−kαp, 0 < p ≤ 1;

C
∞∑

j=−∞

( ∞∑
k=j−3

|λk|p 2(j−k)α

)( ∞∑
k=j−3

2(j−k)α

)p/p′

, 1 < p < ∞,

≤

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

C

∞∑
k=−∞

|λk|p
k+3∑

j=−∞
2(j−k)αp, 0 < p ≤ 1;

C
∞∑

k=−∞
|λk|p

k+3∑
j=−∞

2(j−k)α, 1 < p < ∞,

≤ C
∞∑

k=−∞
|λk|p ≤ C‖f‖p

HK̇
α, p
q (Rn)

. (2.1)

��� y ∈ Bj−2 " 1 < q ≤ q0, 9 Hölder fng, �� (1.3) "*# {Cl2lε}∞l=1 ∈ l1, �(∫
Ej

|K(x, y) − K(x, 0)|qdx

)1/q

≤
(∫

Ej

|K(x, y) − K(x, 0)|q0dx

)1/q0

|Ej |1/q−1/q0

=
(∫

Ej

|K(x, y) − K(x, 0)|q0dx

)1/q0

|Ej |1/q′
0+ε/n|Ej |−ε/n−1/q′

= C2−j(ε+n/q′)
(∫

Ej

|K(x, y) − K(x, 0)|q0 |x|nq0/q′
0+εq0dx

)1/q0

≤ C2−j(ε+n/q′)
(∫

|x|>2|y|
|K(x, y) − K(x, 0)|q0 |x|nq0/q′

0+εq0dx

)1/q0

≤ C2−j(ε+n/q′)
∞∑

l=1

(∫
2l|y|≤|x|<2l+1|y|

|K(x, y) − K(x, 0)|q0 |x|nq0/q′
0+εq0dx

)1/q0

≤ C2−j(ε+n/q′)
∞∑

l=1

(2l+1|y|)n/q′
0+ε Cl(2l|y|)−n/q′

0 = C2−j(ε+n/q′)
( ∞∑

l=1

Cl2lε

)
|y|ε

= C2−j(ε+n/q′) |y|ε. (2.2)

* k ≤ j − 4 
 y ∈ Bk+2 ., hi-' y ∈ Bj−2. 9 ak �jko��, Minkowski fng,
(2.2) g" Hölder fng, �

‖(Tak)χj‖q =
(∫

Ej

∣∣∣∣
∫

Bk+2\Bk−1

[K(x, y) − K(x, 0)] ak(y)dy

∣∣∣∣
q

dx

)1/q

≤
(∫

Ej

(∫
Bk+2

|K(x, y) − K(x, 0)| |ak(y)|dy

)q

dx

)1/q

≤
∫

Bk+2

(∫
Ej

|K(x, y) − K(x, 0)|qdx

)1/q

|ak(y)|dy

≤ C2−j(ε+n/q′)
∫

Bk+2

|y|ε| ak(y)|dy ≤ C2−j(ε+n/q′) 2kε ‖ak‖q |Bk|1/q′

≤ C2−j(ε+n/q′) 2k(ε+n/q′) 2−kα = C2−jα 2(j−k)(α−ε−n(1−1/q))

:= C2−jαW (j, k). (2.3)
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m�; α < n(1 − 1/q) + ε, 7

I1 ≤ C
∞∑

j=−∞
2jαp

( j−4∑
k=−∞

|λk|2−jαW (j, k)
)p

≤

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

C
∞∑

j=−∞

j−4∑
k=−∞

|λk|p W (j, k)p, 0 < p ≤ 1;

C

∞∑
j=−∞

( j−4∑
k=−∞

|λk|p W (j, k)
)( j−4∑

k=−∞
W (j, k)

)p/p′

, 1 < p < ∞,

≤

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

C
∞∑

k=−∞
|λk|p

∞∑
j=k+4

W (j, k)p, 0 < p ≤ 1;

C

∞∑
k=−∞

|λk|p
∞∑

j=k+4

W (j, k), 1 < p < ∞,

≤ C
∞∑

k=−∞
|λk|p ≤ C‖f‖p

HK̇α, p
q (Rn)

. (2.4)

@e I1 : I2 �:., ,&�;

‖Tf‖K̇α, p
q (Rn) ≤ C‖f‖HK̇α, p

q (Rn).

no 2.1 � T �() Calderón–Zygmund �Q, 0 < p < ∞, 1 < q < ∞ " n(1 − 1/q) ≤
α < n(1 − 1/q) + δ. 7 T �= HK̇α, p

q (Rn) ; K̇α, p
q (Rn) ����Q.

3 pqfghij
]_ 3.1 � b � Rn ���	, α ≥ n(1 − 1/q) 
 1 < q < ∞. ��	 a �YR (α, q, b)

SQ, VA

(1) a � (α, q) SQ,

(2)
∫
Rn a(x)b(x)dx = 0.

��	 a �TU�YR (α, q, b) SQ, ��R���� (2) " (1′): a �TU�YR (α, q)
SQ.

]^ 3.1 � T � Calderón–Zygmund ��Q, q0 > 2 ��� (1.3) Y�Æ	, ε > 0 

*# {Cj2jε}∞j=1 ∈ l1. � b ∈ Λ̇β, �Y 0 < β < min{1, n(1 − 2/q0)}, 0 < p < ∞, 1 < q1 ≤
nq0/(n+βq0), 1/q2 = 1/q1 −β/n " n(1− 1/q1) ≤ α < n(1− 1/q1)+ ε, 7�'Æ	 C > 0, (�

‖[b, T ]a‖K̇α, p
q2 (Rn) ≤ C‖b‖Λ̇β

���YR (α, q1, b) SQ a  !.

kl � a �YR (α, q1, b) SQ
 supp a ⊂ B(0, r), �Y r > 0, 7�'[	 k, (�
2k−1 < r ≤ 2k. G

‖[b, T ]a‖p

K̇α, p
q2 (Rn)

=
∞∑

j=−∞
2jαp‖([b, T ]a)χj‖p

q2

=
∞∑

j=k+2

2jαp‖([b, T ]a)χj‖p
q2

+
k+1∑

j=−∞
2jαp‖([b, T ]a)χj‖p

q2

:= J1 + J2. (3.1)
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,&C:. J2, 6<�p C Y [b, T ] � (Lq1 , Lq2) ���, �

J2 ≤ C‖b‖p

Λ̇β

k+1∑
j=−∞

2jαp‖a‖p
q1

≤ C‖b‖p

Λ̇β

k+1∑
j=−∞

2(j−k)αp ≤ C‖b‖p

Λ̇β
. (3.2)

l:. J1. * j ≥ k + 2 ., ��� x ∈ Ej " y ∈ Bk, hi-' y ∈ Bj−2 "

|x − y| ≤ |x| + |y| ≤ |x| + |x|/2 = 3|x|/2.
9 q1 ≤ nq0/(n + βq0) �- q2 ≤ q0. 9 a �jko��, Minkowski fng, (2.2) g"

Hölder fng, �

‖([b, T ]a)χj‖q2 =
(∫

Ej

∣∣∣∣
∫

B(0,r)

K(x, y)[b(x) − b(y)] a(y)dy

∣∣∣∣
q2

dx

)1/q2

=
(∫

Ej

∣∣∣∣
∫

B(0,r)

[K(x, y) − K(x, 0)] [b(x) − b(y)] a(y)dy

∣∣∣∣
q2

dx

)1/q2

≤
∫

Bk

(∫
Ej

|K(x, y) − K(x, 0)|q2 |b(x) − b(y)|q2dx

)1/q2

|a(y)|dy

≤ C‖b‖Λ̇β

∫
Bk

(∫
Ej

|K(x, y) − K(x, 0)|q2 |x|βq2dx

)1/q2

|a(y)|dy

= C‖b‖Λ̇β

∫
Bk

(∫
Ej

|K(x, y) − K(x, 0)|q2dx

)1/q2

2jβ |a(y)|dy

≤ C‖b‖Λ̇β
2−j(ε+n/q′

2) 2jβ

∫
Bk

|y|ε|a(y)|dy

= C‖b‖Λ̇β
2−j(ε+n/q′

1)

∫
Bk

|y|ε|a(y)|dy

≤ C‖b‖Λ̇β
2−j(ε+n/q′

1) 2kε

(∫
Bk

|a(y)|q1dy

)1/q1

|Bk|1−1/q1

≤ C‖b‖Λ̇β
2−j(ε+n/q′

1) 2kε 2−kα 2kn/q′
1

= C‖b‖Λ̇β
2−jα 2(j−k)(α−ε−n(1−1/q1))

:= C‖b‖Λ̇β
2−jαW (j, k). (3.3)

9 α < n(1 − 1/q1) + ε, �

J1 ≤ C|b‖p

Λ̇β

∞∑
j=k+2

W (j, k)p ≤ C|b‖p

Λ̇β
.

@e J1, J2 �:., �;

‖[b, T ]a‖K̇α, p
q2 (Rn) ≤ C|b‖Λ̇β

.

@4 [1] �AB, ,&�� HK̇α, p
q (Rn) �Q�� HK̇α, p

q, b (Rn) V�: m�no�pq*#�
(λk, ak)∞k=−∞, �Y λk ∈ C �R ∑∞

k=−∞ |λk|p < ∞, ak �YR (α, q, b) SQ
 supp ak ⊂ Bk.
�� HK̇α, p

q, b (Rn) �nqj: � (λk, ak) : (μk, ek) nq�+
∞∑

k=−∞
λk[b, T ]ak =

∞∑
k=−∞

μk[b, T ]ek.

��ngrrrs'�� K̇α, p
q (Rn) Y��'�hi=tsD!��p 3.2 "�p 3.4 �;. 6

<t?nq<u�v�� HK̇α, p
q (Rn) ��nqj��, wumG� HK̇α, p

q (Rn).

,&G HK̇α, p
q, b (Rn)Y�no f �3gv

∑∞
k=−∞ λkak, �Y (λk, ak)��nqj���w
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cn
x

‖f‖HK̇α, p
q, b (Rn) = inf

{( ∞∑
k=−∞

|λk|p
)1/p

: f =
∞∑

k=−∞
λkak

}
.

�u45Q [b, T ] '�� HK̇α, p
q, b (Rn) ��s<���

[b, T ]
( ∞∑

k=−∞
λkak

)
=

∞∑
k=−∞

λk[b, T ]ak,

9�nq<u�-, [b, T ] ' HK̇α, p
q (Rn) �ty���
�??�. 9xp 1.1 hi-'(

HK̇α,p
q, b (Rn), ‖ · ‖HK̇α,p

q, b

) ⊂ (HK̇α,p
q (Rn), ‖ · ‖HK̇α,p

q

)
.

]^ 3.2 '�p 3.1 ����, 45Q [b, T ] �= HK̇α, p
q1, b(R

n) ; K̇α, p
q2

(Rn) ����Q.

kl � f ∈ HK̇α, p
q1, b(R

n), G f =
∑∞

k=−∞ λkak, �Y ak �YR (α, q1, b) SQ, supp ak ⊂
Bk 


∑∞
k=−∞ |λk|p < ∞. PS

‖[b, T ]f‖p

K̇α, p
q2 (Rn)

=
∥∥∥∥

∞∑
k=−∞

λk[b, T ]ak

∥∥∥∥
p

K̇α, p
q2 (Rn)

≤
∞∑

j=−∞
2jαp

( ∞∑
k=−∞

|λk| ‖([b, T ]ak)χj‖q2

)p

≤ C

∞∑
j=−∞

2jαp

( j−2∑
k=−∞

|λk| ‖([b, T ]ak)χj‖q2

)p

+C
∞∑

j=−∞
2jαp

( ∞∑
k=j−1

|λk| ‖([b, T ]ak)χj‖q2

)p

:= U1 + U2. (3.4)

9�p C Y [b, T ] � (Lq1 , Lq2) ���, jaO (2.1) g�:., ,&�

U2 ≤ C‖b‖p

Λ̇β

∞∑
k=−∞

|λk|p.

: (3.3) g�:.D], �; ‖([b, T ]ak)χj‖q2 ≤ C|b‖Λ̇β
2−jαW (j, k). jaO (2.4) g�:.,

�; U1 ≤ C‖b‖p

Λ̇β

∑∞
k=−∞ |λk|p. PS

‖[b, T ]f‖K̇α, p
q2 (Rn) ≤ C‖b‖Λ̇β

( ∞∑
k=−∞

|λk|p
)1/p

.

�O f �Z����_Y�X��;

‖[b, T ]f‖K̇α, p
q2 (Rn) ≤ C‖b‖Λ̇β

‖f‖HK̇α, p
q1, b(R

n).

no 3.1 � T �() Calderón–Zygmund �Q, b ∈ Λ̇β , 0 < β < 1, 0 < p < ∞, 1 < q1 <

n/β, 1/q2 = 1/q1 − β/n 
 n(1 − 1/q1) ≤ α < n(1 − 1/q1) + δ, 7 [b, T ] �= HK̇α, p
q1, b(R

n) ;
K̇α, p

q2
(Rn) ����Q.

]^ 3.3 � T � Calderón–Zygmund ��Q
 q0 > 2 ��� (1.3) Y�Æ	, ε > 0,
{Cj2jε}∞j=1 ∈ l1. � 0 < p < ∞, 1 < q < q0 " n(1 − 1/q) ≤ α < n(1 − 1/q) + ε, b ∈ BMO, 7�
'Æ	 C > 0, (� ‖[b, T ]a‖K̇α, p

q (Rn) ≤ C‖b‖∗ ���YR (α, q, b) SQ a  !, �Y ‖ · ‖∗ �
BMO z	.
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kl � a �YR (α, q, b) SQ, supp a ⊂ B(0, r), 7�'[	 k, (� 2k−1 < r ≤ 2k. j
a (3.1) g, G

‖[b, T ]a‖p

K̇α, p
q (Rn)

=
∞∑

j=k+2

2jαp ‖([b, T ]a)χj‖p
q +

k+1∑
j=−∞

2jαp ‖([b, T ]a)χj‖p
q

:= V1 + V2.

9�p B Y [b, T ] � Lq ���, jaO (3.2) g�:., �

V2 ≤ C‖b‖p
∗.

v�,&:. V1. 9 a �jko��" Minkowski fng, �;

‖([b, T ]a)χj‖q =
(∫

Ej

∣∣∣∣
∫

B(0,r)

[K(x, y) − K(x, 0)] [b(x) − b(y)]a(y)dy

∣∣∣∣
q

dx

)1/q

≤
∫

Bk

(∫
Ej

[|K(x, y) − K(x, 0)| |b(x) − b(y)|]qdx

)1/q

|a(y)|dy

≤
∫

Bk

(∫
Ej

[|K(x, y) − K(x, 0)| |b(x) − bBj |]qdx

)1/q

|a(y)|dy

+
∫

Bk

(∫
Ej

[|K(x, y) − K(x, 0)| |bBj − bBk
|]qdx

)1/q

|a(y)|dy

+
∫

Bk

(∫
Ej

[|K(x, y) − K(x, 0)| |b(y) − bBk
|]qdx

)1/q

|a(y)|dy

=
∫

Bk

(∫
Ej

|K(x, y) − K(x, 0)|q |b(x) − bBj |qdx

)1/q

|a(y)|dy

+ |bBj − bBk
|
∫

Bk

(∫
Ej

|K(x, y) − K(x, 0)|qdx

)1/q

|a(y)|dy

+
∫

Bk

(∫
Ej

|K(x, y) − K(x, 0)|qdx

)1/q

|b(y) − bBk
| |a(y)|dy

:= V11 + V12 + V13.

m�; 1 < q < q0,G 1/t = 1/q−1/q0,7 1 < t < ∞. 9 Hölderfng, j ≥ k+2" (2.2) g

V11 ≤
∫

Bk

(∫
Ej

|K(x, y) − K(x, 0)|q0dx

)1/q0
(∫

Ej

|b(x) − bBj |tdx

)1/t

|a(y)|dy

≤ C2−j(ε+n/q′
0)

(∫
Bk

|y|ε|a(y)|dy

)(
1

|Bj |
∫

Bj

|b(x) − bBj |tdx

)1/t

|Bj |1/q−1/q0

≤ C‖b‖∗ 2−j(ε+n/q′) 2kε ‖a‖q |Bk|1/q′

≤ C‖b‖∗ 2−j(ε+n/q′) 2k(ε+n/q′) 2−kα

= C‖b‖∗ 2−jα 2(j−k)(α−ε−n(1−1/q)).

jaO (2.3) g�:., �

V12 ≤ C 2−jα 2(j−k)(α−ε−n(1−1/q)) 1
|Bj |

∫
Bj

|b(y) − bBk
|dy

≤ C‖b‖∗ 2−jα 2(j−k)(α−ε−n(1−1/q)) (j − k).
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9 j ≥ k + 2, (2.2) g" Hölder fng

V13 ≤ 2−j(ε+n/q′)
∫

Bk

|y|ε|b(y) − bBk
| |a(y)|dy

≤ 2−j(ε+n/q′) 2kε ‖a‖q

(
1

|Bk|
∫

Bk

|b(y) − bBk
|q′

dy

)1/q′

|Bk|1/q′

≤ C‖b‖∗ 2−j(ε+n/q′) 2kε 2−kα 2kn/q′
= ‖b‖∗2−jα2(j−k)(α−ε−n(1−1/q)).

9��y{:.�;: ���� j ≥ k + 2, �

‖([b, T ]a)χj‖q ≤ C‖b‖∗ 2−jα 2(j−k)(α−ε−n(1−1/q))(j−k) := C‖b‖∗2−jα V (j, k). (3.5)

PS V1 ≤ C‖b‖p
∗
∑∞

j=k+2 V (j, k)p = C‖b‖p
∗, =Y�;

‖[b, T ]a‖K̇α, p
q (Rn) ≤ C‖b‖∗.

]^ 3.4 '�p 3.3 ���, 45Q [b, T ] �= HK̇α, p
q, b (Rn) ; K̇α, p

q (Rn) ����Q.
kl � f ∈ HK̇α, p

q, b (Rn), G f =
∑∞

k=−∞ λkak, �Y ak �YR (α, q, b) SQ, supp ak ⊂
Bk "

∑∞
k=−∞ |λk|p < ∞, jaO (3.4) g�:.

‖[b, T ]f‖p

K̇α, p
q (Rn)

≤ C

∞∑
j=−∞

2jαp

( j−2∑
k=−∞

|λk| ‖([b, T ]ak)χj‖q

)p

+ C
∞∑

j=−∞
2jαp

( ∞∑
k=j−1

|λk| ‖([b, T ]ak)χj‖q

)p

:= W1 + W2.

9 [b, T ] � Lq ���, jaO (2.1) g�:., � W2 ≤ C‖b‖p
∗
∑∞

k=−∞ |λk|p.
jaO (3.5) g�:.

‖([b, T ]ak)χj‖q ≤ C‖b‖∗ 2−jα V (j, k), k ≤ j − 2,

=Y W1 ≤ C‖b‖p
∗
∑∞

k=−∞ |λk|p. PS
‖[b, T ]f‖K̇α, p

q (Rn) ≤ C‖b‖∗‖f‖HbK̇α, p
q (Rn).

no 3.2 � T �() Calderón–Zygmund �Q, 0 < p < ∞, 1 < q < ∞ " n(1 − 1/q) ≤
α < n(1 − 1/q) + δ. � b ∈ BMO, 7 [b, T ] �= HK̇α, p

q, b (Rn) ; K̇α, p
q (Rn) ����Q.

uv wR|z}{~|:s}��~��.
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