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W" 2.1 � (R) R- � A !v W n- ��IZ Ext i
R(A,R) = 0, � i = 1, · · · , n. �C n �


Q#$c�
� n = 1X�W 1-�o� [3]C�W -��J A�W 1-��%&#� 0 → C → B → A → 0

'(�#� 0 → A∗ → B∗ → C∗ → 0, �C ( )∗ = Hom R( , R). 
"���I)���
*d 2.2 R� (R) R- � A � W n- �� 0 → K → Fn−1

dn−1→ · · · d2→F1
d1→F0 → A → 0 �

� (R) R- �#� ��C!Q Fi �sP��% 0 → A∗ → F ∗
0 → F ∗

1 → · · · → F ∗
n−1 → K∗ → 0

#��
;g � n = 1 X���+E�"�R n ≥ 2, &#� 0→K→ Fn−1

dn−1→ · · · d2→F1
d1→F0→

A → 0 (�Ext 1
R(Im di, R) ∼= Ext i+1

R (A,R), 1 ≤ i ≤ n−1. A A�W n-��o Ext i
R(A,R) = 0,

1 ≤ i ≤ n, i��G� i,Ext 1
R(Im di, R) = 0. ��'( 0 → A∗ → F ∗

0 → F ∗
1 →· · ·→ F ∗

n−1 →
K∗ → 0 #��

W" 2.3 � (R) R-� A!v np�#��IZ�#� 0 → A → Pn−1 → · · · → P1 → P0,
�C!Q Pi ���T�sP��

*d 2.4 R R �R����c� n �#$c�) $b�t%
(i) FP-id(RR) ≤ n, o Ext n+1

R (A,R) = 0, �G������ R- � A;

(ii) Ext n
R(B,R) = 0, �G�����#$� R- � B;

(iii) � n p�#�� W n- �&

(iv) � n p�#�� W 1- ��

;g & [3],% 1'( (i)� (ii)��t��r-& [3],% 1(�A,B C�
Q'��&

Q('��Z)�#� 0 → A → Pn−1 → · · · → P1 → P0 → B → 0, �C A v n p�#��

B v����� R- ��!Q Pi v��T�sP� R- ��i� Ext i
R(A,R) ∼= Ext n+i

R (B,R),
�G� i ≥ 1, ��'( (i), (iii) � (iv) �*+�t��

3 FP- <imto ≤ 1

Wd 3.1 R R �R����c�) $b�t%
(i) FP-id(RR) ≤ 1;

(ii) R����#$��MD�&
(iii) R���� W 1- ��MD�&
(iv) �����#$�� W 2- �&

(v) ���������T�sP,L��.�/�
;g 01 (i)⇔(ii)⇒(iii)⇔(iv)⇔(i).

(i)⇔(ii) & [3] ,% 2 (� A,B C�
Q'��&
Q('��Z)�#� 0 → A →
A∗∗ → Ext 1

R(B,R) → 0, �C A v����#$R R- �� B v����#$� R- ��i�
A �MD��o A ∼= A∗∗ �B'� Ext 1

R(B,R) = 0. ��&,% 2.4 ( (i) �t� (ii).

(ii)⇒(iii) R A vR���� W 1- �����#� 0 → K → F → A → 0, �C K v�
���#$R R- �� F v��T�M&R R- ��-A 0 → A∗ → F ∗ → K∗ → 0 #��

&� R ����c�i� K∗ v����#$� R- ��& (ii) �t� (i) n,% 2.4 (�
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K∗ � W 1- �����I)#�wft%
0 → 0 K → 0 F → 0 A → 0

σK ↓ σF ↓ σA ↓
0 → 0 K∗∗ → 0 F ∗∗ → 0 A∗∗ → Ext 1

R(K∗, R) = 0

�C σK , σF , σA ��14L5rkB σF �rT�& (ii), K �MD��i� σK �rT�& “+
,%” ( σA �rT�o A �MD��

(iii)⇒(iv) R A v����#$� R- ��%�#� 

F1
f→F0 → A → 0, (1)

�C F0, F1 v��T�M&� R- ����)#� 

0 → A∗ → F ∗
0

f∗
→F ∗

1 → N → 0, (2)

�C N = Coker f∗.
� (1) �� [2] ,% 2.2, %�#� 

0 → Ext 1
R(N,R) → A

σA→A∗∗ → Ext 2
R(N,R) → 0. (3)

&� A ∼= Coker f∗. ��� (2) ,bK/6-�� [2] ,% 2.2, )#� 

0 → Ext 1
R(A,R) → N

σN→ N∗∗ → Ext 2
R(A,R) → 0. (4)

+E N �����R R- ��& (3) ,n A �#$�(�N � W 1- ��&�& (iii) ( N

�MD��7& (4) ,o( A � W 2- ��
(iv)⇒(i) &,% 2.4 o)�
)1 (i)⇔(v).
J (i)�"�o FP-id(RR) ≤ 1. R P ������� A���T�sP,L��o A/P �

�����#$��&,% 2.4 '( Ext 1
R(A/P,P ) = 0. ��&#� 0 → P → A

π→A/P → 0

-)#� Hom R(A/P,A)
Hom R(A/P,π)−−−−−−−−→Hom R(A/P,A/P ) → 0. 8+9#� J.�V P � A

�.�/�D2
�J (v) �"�R B �G�����#$� R- �3R 0 → R → A → B → 0
� B q2 R �G
/:�% R ������� A �sP,L��& (v) (�M#� J.�
i� Ext 1

R(B,R) = 0. ��&,% 2.4 (� FP-id(RR) ≤ 1.
= +E4% 3.1 ������!��
)0;
��� [1] 4% 4.9. ���4% 3.1 R�j�&
Q<�11�
sf 3.2 R R �R����c�) $b�t%
(i) R �R�� FP- �Pc&
(ii) !Q����R R- ��!Q����� R- ��MD��
;g J (i) �"�R A vG�����R R- ��8 R �R FP- �Pc�i� A v W 1-

��= R �� FP- �Pc�&4% 3.1 (� A �MD��D>�J (ii) �"�R B v���
�� R- ��% B �����#$��& (ii) n4% 3.1 ( B v W 1- ��i� R v� FP- �
Pc�
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r%-1&
G0����
sf 3.3 R R �R����c�) $b�t%
(i) FP-id(RR) ≤ 1 � FP-id(RR) ≤ 1;
(ii) �����#$R�� R- �#� � Hom R( , R) �#�5L&
(iii) Hom R(Hom R( , R), R) 67����R�� R- ��2rk�
;g (i)⇒(ii)R 0 → A → B

f→C → 0vR R-�#� B A,B,C ������#$��
% 0 → C∗ f∗

→B∗ → A∗ #��3�I)#�wft
0 → A → B → C → 0

↓ ↓ σB ↓ σC

0 → (Coker f∗)∗ → B∗∗ → C∗∗

&� FP-id(RR) ≤ 1, &4% 3.1, B,C �MD��o σB , σC �rT�i� A ∼= (Coker f∗)∗. =
&4% 3.1 (� Coker f∗ �MD��i� A∗ ∼= (Coker f∗)∗∗ ∼= Coker f∗. V 0 → C∗ → B∗ →
A∗ → 0 #��

(ii)⇒(iii) R�2rk B → C → 0, �C B,C v����R R- ��% 0 → C∗ → B∗ #
����& (ii) (� B∗∗ → C∗∗ → 0 #��

(iii)⇒(i) R M v����#$R R- ��%'���T�M&R R- � F , �#� F →
M → 0. & (iii), �I)#�wft%

0 F → 0 M → 0
σF ↓ σM ↓
0 F ∗∗ → 0 M∗∗ → 0

8v σF �rT�i� σM �2rk�A M �#$��8+ M �MD��&4% 3.1, FP-
id(RR) ≤ 1.

r%-1&
G0����
)0��R�
? FP- M�Pwc ≤ 1 ���c�
?�B�
hq 3.4 R R �R����c� FP-id(RR) ≤ 1 � FP-id(RR) ≤ 1, A v����R (�)

R- ��% A v n + 1 p�#��B'� A �MD�B A∗ � W n- ���C n ≥ 1.
;g ⇒) R A v����R (�) R- ��J A � n + 1 p�#��&4% 3.1, A �MD

��)0� n Sc@X3C11 A∗ � W n- ��� n = 1 X�8 A∗ �����#$� (R) R-
��&4% 3.1 (� A∗ � W 1- ��� n > 1 X�R�#� 

0 → A → Pn
dn−→ P0 → · · · → P1 → P0

↘ ↗
Im dn

↗ ↘
0 0

+E Im dn � n p�#��&X3sR� (Im dn)∗ � W n−1- ��A&4% 3.1, Im dn � W 1-
��i��#� 0 → (Im dn)∗ → P ∗

n−1 → A∗ → 0. '( Ext i
R(A∗, R) ∼= Ext i+1

R

(
(Im dn)∗, R

)
,

8+ Ext i
R(A∗, R) = 0, 2 ≤ i ≤ n. =40A1 A∗ � W 1- ��V A∗ � W n- ��

⇐) � n Sc@X3C�� n = 1 X��#� 0 → K → F1 → A∗ → 0, �C F1 v��
T�M&� (R) R- �� K v����#$� (R) R- ��8 A∗ � W 1- ��i� 0 → A∗∗ →
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F ∗
1 → K∗ → 0 #��A K∗ v����#$R (�) R- ��%�#� 0 → K∗ → F0, �C F0

v��T�M&R (�) R- ��= A MD�o A ∼= A∗∗, ���#� 0 → A → F ∗
1 → F0, o A

v 2p�#��� n > 1X��#� 0 → T → F → A∗ → 0,�C F v��T�M&� (R) R-
�� T v����#$� (R) R- ��% T v W n−1- �B�#� 0 → A∗∗ → F ∗ → T ∗ → 0.
&4% 3.1, T n T ∗ ��MD��8+ T ∗∗ ∼= T � W n−1- ��&X3sR� T ∗ � n p�#

��8 A MD�i� A ∼= A∗∗ � n + 1 p�#��
R R �wf��c� S � R �8,Lm� A v���� R- �� B vG� R- ��%

[
Ext n

R(A,B)
]
S
∼= Ext n

RS
(AS , BS), n ≥ 0.

IZ5 S � R �i�H68LQ��m��%! Q = RS v R �DLc�

hq 3.5 Jwf��c R �DLc Q � FP- �Pc�%!Q���� R- ���7��
MD��

;g R A vG����� R- ��% AS v���� RS- ��&A(� [
Ext 1

R(A,R)
]
S
∼=

Ext 1
Rs

(AS , RS) = 0. q M = Ext 1
R(A,R), o MS = 0. +E M ��T����& [6] 8

o 7.5 (�'� s ∈ S, Z) sM = 0. RG� f ∈ M∗ = Hom R(M,R), %�G� x ∈ M ,
sf(x) = f(sx) = 0, i� f(x) = 0. & x�G���f = 0. -AM∗ = 0, o

[
Ext 1

R(A,R)
]∗ = 0.

& [3] u� 7 (�G����� R- ���7��MD��

4 FP- <imto ≤ n

Wd 4.1 R R �R����c�J FP-id(RR) ≤ 2, %G�R���� W 2- ��MD��
;g R A vR���� W 2- ��%�#� P1

f→P0 → A → 0, �C P0, P1 v��T�
sPR R- ��5 N = Coker f∗. 9h4% 3.1 �11�& [2] ,% 2.2, �#� 

0 → Ext 1
R(N,R) → A

σA→A∗∗ → Ext 2
R(N,R) → 0, (5)

0 → Ext 1
R(A,R) → N

σN→ N∗∗ → Ext 2
R(A,R) → 0. (6)

& (6),n A�W 2-�(�N �MD��8 N∗ v����R R-�����#� P ′
1

g→P ′
0 →

N∗ → 0, �C P ′
0, P

′
1 v��T�sPR R- ��-A 0 → N → P ′∗

0 → P ′∗
1 #��8 FP-

id(RR) ≤ 2, i� Ext 1
R(N,R) ∼= Ext 3

R(Coker g∗, R) = 0, Ext 2
R(N,R) ∼= Ext 4

R(Coker g∗, R) = 0.
��& (5) ,(� A �MD��

Wd 4.2 R R �R�� - ��cB FP-id(RR) = n (≥ 3), %G�����#$R W n- �
�MD��IZ FP-id(RR) =FP-id(RR) = n, %G�����R (�) W n- ��MD��

;g R M v����#$R W n- ��& [3] ,% 2 (�'�����#$� R- � N

2PI)#� %
0 → N∗ → F → M → 0, (7)

0 → M
σM→ M∗∗ → Ext 1

R(N,R) → 0, (8)

0 → N
σN→ N∗∗ → Ext 1

R(M,R) → 0, (9)

�C F v��T�M&R R- ��
8 Ext 1

R(M,R) = 0, & (9) ,( N �MD��&� M � W n- ��& (7) ,'( N∗ �
W n−1- ��
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:;#� 
0 → K → Fn−2 → · · · → F0 → N∗ → 0,

�C!Q Fi ���T�M&R R- �� K v����R R- ��&,% 2.2, 0 → N∗∗ →
F ∗

0 → · · · → F ∗
n−2 → K∗ → 0 #��&� K∗ �����#$� R- ��8+&,% 2.4 (�

Ext n
R(K∗, R) = 0. i� Ext 1

R(N,R) ∼= Ext 1
R(N∗∗, R) ∼= Ext n

R(K∗, R) = 0. & (8) ,(� M �

MD��
R FP-id(RR) =FP-id(RR) = n, H �����R W n- ��%�#� 0 → M → F →

H → 0, �C F v��T�M&R R-��M v����#$R R-��'( M 6� W n-��
i� M �MD��3B�I)#�wft%

0 → M → F → H → 0
↓ σM ↓∼= ↓ σH

0 → M∗∗ → F ∗∗ → H∗∗

& “Snake ,%” ( Ker σH = Coker σM . 8 M �MD��i� Coker σM = 0. -A Ker σH = 0,
o H �#$��&40�m�( H �MD��

sf 4.3 R R �R����cB FP-id(RR) =FP-id(RR) < ∞, A v����R (�) R-
��J ⊕i≥0Ext i

R(A,R) = 0, % A = 0.
;g R����R (�) R-�2P ⊕i≥0Ext i

R(A,R) = 0,o Ext i
R(A,R) = 0, i = 0, 1, 2, · · ·.

8 FP-id(RR) =FP-id(RR) < ∞, i�&4% 3.1, 4% 4.1 �4% 4.2 ( A �MD��V
A ∼= A∗∗ = 0.

= cRg�2PA Nakayama9D (SNC),IZ�G���T�� A,<&⊕i≥0 Ext i
R(A,R) =

0 -u� A = 0. G=�WH Nakayama 9D (GNC) �%R R � Artin c� S �� R- ��J
⊕i≥0Ext i

R(S,R) = 0, % S = 0. j�
�tJ,%R R � Artin c� 0 → R → E0→ E1 → · · ·
� R Sv#% R- ��lT�PJ:�%!Q;-J�P�(�>Q Ei �.�/�&u� 4.3,
���

sf 4.4 G� Gorenstein c2P SNC. n<�� GNC � Artin Gorestein cM�"�
sf 4.5 R R � Gorenstein c� E �
Q;-J�P R- � (+X-R E = E(R/I), o

R/I ��P=?�;@ I � R �>Q;-[%D). J R/I � W n- ��;@ n v R �M�P
wc�% E � E(R) �.�/�

;g &A(pun4% 3.1, 4% 4.1 �4% 4.2 (� R/I �#$��i�'�#$c t,
Z) R/I ⊂ Rt. 8+ E = E(R/I) � E(R)t �.�/�A E �;-J��V E � E(R) �.
�/�

)0;
u�� [9] 4% 2.
sf 4.6 R R � Gorenstein c� 0 → RR → E0 → E1 → · · · → En → 0 �R R- � R �

lT�PJ:�% ⊕n
i=0Ei ��P\T���

;g &4% 3.1, 4% 4.1 �4% 4.2 (��G�H6R�� S, '� i (0 ≤ i ≤ n), Z)
Ext i

R(S,R) �= 0 (K% S = 0). 8v Hom R(S,Ei) ∼= Ext i
R(S,R). i� Hom R

(
S,⊕n

i=0Ei

)
�= 0.

V ⊕n
i=0Ei ��P\T���

5 >?
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R A �����R (�) R- ��o�#� P1
h→P0 → A → 0, �C P0, P1 v��T�

sPR (�) R- ��! TrA = Coker h∗ v Auslander JA (transpose). IZ� n ≥ 1, TrA �

W n- ��o Ext i
R(TrA,R) = 0, i = 1, · · · , n, %! A vR (�) n- $M& (n-torsionfree) ��&

[2] ,% 2.2 (� A � 1- $M&��B'� A �#$�� A � 2- $M&��B'� A �M
D��q rTn = {n- $M&� R- � }, lTn = {n- $M&R R- � }.

��(>�-: (resolving) �E
�\-: (coresolving) �E
�	c���CCQH?
E��N
�
�
Q�E
�-:�j\-:��	c���C�
QOo�RX �
Q�E

��Zj�
QL�E
 Y �-:�j\-:��
Q(�pu� Y (_�/:,� (closed
extensions), o�R 0 → A → B → C → 0 �
Q X - �#� �J A,C ∈ Y , % B ∈ Y . 8
+�
�
Q�E
�K�/:,�����Y��H�Sv40F��Z������@��
v11I)���

Wd 5.1 R R �R����cB FP-id(RR) ≤ n, n v#$c�% rTn �� R- �E
�
/:,L�E
�

��vJKO11M4%�
*d 5.2 R R �R����cB FP-id(Re) ≤ 1, 0 → A → B → C → 0 ������ R-

�#� �J A,C �#$��% B 6�#$��
;g 8 FP-id(RR) ≤ 1 B C �����#$� R- ��i�&4% 3.1 ( C � W 2- ��

��'(�I)#�wft%
0 → A → B → C → 0

↓ σA ↓ σB ↓ σC

0 → A∗∗ → B∗∗ → C∗∗

�C σA � σC ��rk�i� σB 6��rk�o B �#$��

*d 5.3 R R �R����cB FP-id(RR) ≤ 2. 0 → A → B → C → 0 ������ R-
�#� �J A,C �MD��% B 6�MD��

;g 8 FP-id(RR) ≤ 2, &4% 4.1, G�R���� W 2- ��MD����& [8] ,%
1.1 (�G������MD�� W 2- ��i� A,C �v W 2- ��V B 6� W 2- ��7&
[8] ,% 1.1 (� B �MD��

*d 5.4 R R �R����cB FP-id(RR) ≤ n, n ≥ 3, % rTn �/:,��
;g R 0 → A

f→B
g→C → 0 ������ R- �#� � A,C � n- $M&�� n ≥ 3.

%'( A∗, C∗ � W n−2- ��
:;#� 

Pn−1 → Pn−2 → · · · → P1 → P0 → C∗ → 0,

�C!Q Pi ���T�sPR R- �����#� 
0 → C → P ∗

0 → P ∗
1 → · · · → P ∗

n−2 → P ∗
n−1 → H → 0, (10)

�C H = Coker
(
P ∗

n−2 → P ∗
n−1

)
.

R 0 → RR → I0 → I1 → · · · → Ii → · · · �R R- � R �lT�PJ:�& (10) ,n [10]
4% 9.51 (� Hom R

(
Ext 1

R(C,R),⊕n−1
i=0 Ii

) ∼= Tor R
1

(
C,⊕n−1

i=0 Ii

) ∼= Tor R
n+1

(
H,⊕n−1

i=0 Ii

)
. & [4]

8o 2.2 (�!Q Ii �Ulwc ≤ n, 0 ≤ i ≤ n − 1, i� Hom R

(
Ext 1

R(C,R),⊕n−1
i=0 Ii

)
= 0. 8
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v Coker f∗ ⊂ Ext 1
R(C,R), i� Hom R

(
Coker f∗,⊕n−1

i=0 Ii

)
= 0. ��'( Ext i

R(Coker f∗, R) =
0, i = 0, 1, · · · , n − 1. �E� (Coker f∗)∗ = 0 = Ext 1

R(Coker f∗, R). ��&#� 0 →
C∗ g∗

→B∗ f∗
→A∗ → Coker f∗ → 0 -)#� 0 → A∗∗ → B∗∗ → C∗∗. :;I)#�wft%

0 → A → B → C → 0
∼=↓ σB ↓ ∼=↓

0 → A∗∗ → B∗∗ → C∗∗

i� σB �rT�o B �MD��
8 0 → Coker g∗ → A∗ → Coker f∗ → 0 #��B A∗ � W n−2- �� Coker f∗ � W n−1-

��i� Coker g∗ � W n−2- ��
&#� 0 → C∗ g∗

→B∗ → Coker g∗ → 0 -)U#� 0 → (Coker g∗)∗ → B∗∗ → C∗∗ →
Ext 1

R(Coker g∗, R) → Ext 1
R(B∗, R) → Ext 1

R(C∗, R) → Ext 2
R(Coker g∗, R) → Ext 2

R(B∗, R) →
Ext 2

R(C∗, R) → · · ·. 8B,C�MD�B C∗�W n−2-��i� Ext i
R(Coker g∗, R) ∼= Ext i

R(B∗, R),
i = 1, · · · , n − 2. A Coker g∗ � W n−2- ��i� B∗ 6� W n−2- ��V TrB � W n- ��o
B � n- $M&��

&,% 5.2, ,% 5.3 �,% 5.4 o(4% 5.1 ��"��
= +E4% 5.1 ������!��o���
Wd 5.5 R R �R����cB FP-id(RR) ≤ n, n v#$c�% lTn �R R- �E
�

/:,L�E
�
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